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Abstract 

Bounded local G-shtukas arc function field analogs for p-divisiblc groups with extra structure. 
We describe their deformations and moduli spaces. The latter are analogous to Rapoport-Zink 
spaces for p-divisible groups. The underlying schemes of these moduli spaces are affine Deligne- 
Lusztig varieties. For basic Newton polygons the closed Newton stratum in the universal deforma- 
tion of a local G-shtuka is isomorphic to the completion of a corresponding affine Deligne-Lusztig 
variety in that point. This yields bounds on the dimension and proves equidimensionality of the 
basic affine Deligne-Lusztig varieties. 
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1 Introduction 

Deformations and moduli spaces of p-divisible groups play an important role for the local theory 
and the reduction modulo p of Shimura varieties. A first case was studied by Drinfeld |Drj who used 
such a moduli space to uniformize certain Shimura curves. Generalizing Drinfeld's result, Rapoport 
and Zink |RZj constructed formal schemes over Zp parametrizing p-divisible groups together with 
a quasi-isogeny to a fixed p-divisible group, and also variants including extra structure such as a 
polarization, endomorphisms, or a level structure. These spaces are used to uniformize Shimura 
varieties (for a corresponding group, i.e. a restriction of scalars of some general linear or symplectic 
group) along Newton strata. 

In this article we consider an analog over the local function field Fg((z)). Here we are not restricted 
to the general linear or symplectic groups. We replace p-divisible groups by so-called local G-shtukas 
for any split connected reductive group G over the finite field Fg. To define them, let LG be the loop 
group of G, that is, the ind-scheme over Fg representing the sheaf of groups for the /pf^c-topology 
whose sections for an F^-algebra R are given by LG(Specfi) = G{R\z\[\]). Let K be the infinite 
dimensional affine group scheme over F, with K(Speci?) = G{R\z'\). Every i^T-torsor over an Fq- 
scheme S for the /pgc-topology is already a K-torsor for the etale topology (Proposition 12. 2p . For 
such a /C-torsor ^ on 5 let CQ be the associated LG-torsor and a*CQ the pullback of CQ under 
the g-Frobenius morphism Frob^ : S ^ S. As our base scheme for a local G-shtuka let S be an 
Fq[[z]-scheme on which z is locally nilpotent and denote the image of z in Os by Q. Then a local G- 
shtuka over 5 is a pair Q_ = (G, ip) consisting of a iT-torsor ^ on S" and an isomorphism of LG-torsors 
if : a* CQ LQ. Let k be an algebraically closed field extension of Fg. Local G-shtukas over k 
can also be described as follows. There exists a trivialization Q = and with respect to such a 
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trivialization ip corresponds to an element h € LG{k). A change of the triviahzation replaces 5 by 
g~^ba*{g) for g G K{k), where a* is the endomorpliism of K and of LG induced by Frobg : S ^ S. 

An important invariant of Q_ over k is its Hodge polygon which controls the relative position of 
Q and the image of a*Q under ip. We fix a Borel subgroup B of G containing a split maximal 
torus T. Let b G LG{k) be as above. Then the Hodge polygon of Q_ is defined (using the Cartan 
decomposition) to be the unique dominant cocharacter fig G with b G K[k)z^^K{k). Clearly 

Hg does not depend on the chosen trivialization Q = K^. If /i is any dominant cocharacter of G we 
say that Q_ is bounded by fi if fig ^ fi in the Bruhat ordering of X*(r). In Definition 13.51 we also 
extend this ad hoc definition of boundedness to not necessarily reduced base schemes S. 

The affine Grassmannian is the quotient sheaf Gr = LG/K for the /pp/-topology. It is an ind- 
scheme over Fg which is of ind-finite type; see |BDl §4.5], |BLj . |LSj . who comprehensively develop 
the theory of the affine Grassmannian over the field of complex numbers. Most of their results, and 
in particular all we use here, also hold with the same proofs over Fg. For instance [NP], reprove 
some statements. Moreover |PR2j present a generalization of results and proofs to twisted affine flag 
varieties over Fg. 

One main result of our present article. Theorem 15.61 identifies the universal deformation space 
Spf P for deformations bounded by ^ of a local G-shtuka Q_ over a field k' with the completion of 
a closed subscheme of Gr XspocF^ Specfc'[C]] determined by It is noetherian of relative dimension 
(2/3, /i) over A;'|C]], and T) := {'D/^T)),.^^ is normal and Cohen-Macaulay. Here p is the half-sum of 
the positive roots of G. We call Spf P the universal (^ = 0)- deformation space of Q_. 

We construct moduli spaces of local G-shtukas Q_ bounded by /x together with a quasi-isogeny 
(5 to a fixed trivializable local G-shtuka G over /c', which are the analogs of the moduli spaces of 
p-divisible groups defined by Rapoport and Zink, |RZ| . They are formal schemes locally formally of 
finite type over k'\C,\ (Theorem 16. 3p whose underlying topological spaces can be described as follows. 
Inside the affine Grassmannian we consider the affine Deligne-Lusztig variety which is defined to be 
the locally closed reduced ind-subscheme of Gr whose points over an algebraically closed extension 
k of k' are 

X^{b){k) :={<?€ Gr(A:) = LG{k)/K{k) : g~Ha*{g) G K{k)z>'K{k) } 

and the closed affine Deligne-Lusztig variety X^^(6) = \_]^i_i^^X^i{b). They are schemes locally of 
finite type over k' (Corollary 16. 5p . The underlying topological space of the Rapoport-Zink space of 
local G-shtukas bounded by /i is isomorphic to X^^{b) where b G LG{k') describes the Frobenius ip 
of G. 

We consider a second invariant of a local G-shtuka Q_ over k, its Newton polygon. It is the 
quasi-cocharacter ug G X*(T)q associated by Kottwitz |KoH IKo2j to the cj-conjugacy class of 6 G 
LG{k). Kottwitz's articles only consider the analogous case of cr-conjugacy classes of elements 
6 G G(Frac(Vl^(/c)) where W{k) is the ring of Witt vectors over k. The arguments carry over literally 
to the equal characteristic case. By definition ug is invariant under isogeny. Under specialization 
Hodge and Newton polygon behave like those of p-divisible groups: there is a generalization of 
Grothendieck's specialization theorem by Rapoport and Richartz jRRj . By results of Vasiu |Vas] 
the Newton stratification is pure, that is the Newton polygon of a local G-shtuka over a connected 
scheme jumps in codimension one or is constant (Theorem 17. 4p . Using these two properties we study 
the Newton stratification on the universal [Q = 0)-deformation space of an arbitrary local G-shtuka 
Q_ over k and give lower bounds for the dimensions of the strata (Proposition I7.8| ) . 



2 



We show that a local G-shtuka over a reduced complete local ring whose Newton polygon u = ug 
is basic, that is central in G, is isogenous to a constant local G-shtuka (Proposition IS.ip . which 
is an analog of a result of Oort and Zink, [OZl Proposition 3.3]. It allows to compare the Newton 
stratum J\fu in the universal {Q = 0)-deformation to the Rapoport-Zink space. Here we use a bijection 
between bounded local shtukas over Spec R and Spf R for any complete local ring R of characteristic p 
(Proposition l3.16|) to pass from the universal deformation (which is a formal scheme) to the associated 
scheme. We obtain 

Theorem 1.1. Let b € LG{k) be basic and let ^ € X^{T) be dominant and such that X^^{b) ^ 0. 
Let g G X^^{b) be a k-valued point and let {X^^{b))g be the completion of X-^^[b) in this point. 
Let My be the basic Newton stratum in the universal {Q = Q)- deformation of Q_= [Ki^, g~^ba*{g)a*) 
bounded by ^. Then {X^^{b))g is canonically isomorphic to Afu- 

Using the dimension formula for afiine Deligne-Lusztig varieties in [GHKRl] , |Vil] , and Theorem 
II. H we show that these varieties are also equidimensional. A similar strategy is used by de Jong and 
Oort in |dJO[ Proposition 5.19 and Corollary 5.20] to show equidimensionality of a moduli space of 
p-divisible groups. 

Theorem 1.2. Let b € LG{k) be basic and let ^ € X^[T) be dominant and such that X^^{b) ^ 0. 
Then X^[b) and X^^{b) are equidimensional of dimension {p,fi) — ^def(6). Here p is the half-sum 
of the positive roots of G and def (6) = rk(G) — rk( J) is the defect of b (see \7.9( j. 

For X^{h), this finishes the proof of a conjecture by Rapoport |Ral Conjecture 5.10]. For X^{h) 
with b € T(A;((2;))) (not necessarily basic) Theorem 11.21 has been shown in [GHKRlt Proposition 
2.17.1]. For X~(i^i{b), this theorem immediately implies 

Corollary 1.3. Let b € LG{k) be basic and fi S X^:{T) be dominant. Then X-^^{b) is the closure of 
X^{h) in Gr. 

Proof. We have (p, /i') < (p, /i) for every p! ^ p with p! ^ ji. Thus dimX^/(6) < d\mX^{b) for each 
such p! . Hence equidimensionality of X^^{b) implies that X^{b) is dense in X^^{b). □ 

A more careful analysis of the proof of Theorem 11.21 yields 

Corollary 1.4. Let Q_ be a local G-shtuka over k which is basic and bounded by some p G X^(T). 
Let T> be the universal {C, = Q)- deformation ring for deformations of Q_ that are bounded by p. Then 
the generic fibre of the local G-shtuka over Spec T> corresponding to the universal family over Spf T> 
has Newton polygon p. 

We prove Theorem II. H Theorem 1 1 . 2 1 and Corollary 11.41 in Section [HI 

In the non-basic case the dimensions of the affine Deligne-Lusztig varieties and the lower bound 
on the dimension of the corresponding (non-basic) Newton stratum differ by {2p,v). Especially, 
Theorem 11.11 does not hold in this general situation. The same difference between the dimensions 
already occurs for p-divisible groups. There, work of Oort |01j shows that up to a finite morphism 
the Newton stratum Mv is a product of the underlying scheme of a Rapoport-Zink space with a 
so-called central leaf, and by |02] . or |Ch2] the difference {2p,v) between the dimensions is the 
dimension of this central leaf. In a sequel to this article we show that a similar structure exists in 
the non-basic case for our deformations of local G-shtukas. 
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In the last section we define local G-slitukas with Iwahori-level structure. Using a variant of 
Theorem 11.11 we can compare the Newton stratum of an associated universal ((^ = 0)-deformation 
with an affine Deligne-Lusztig variety inside the affine flag manifold in the basic case. This proves 
the basic case of a conjecture by Beazley \Be\ Conjecture 1]. The strategy used to prove Theorem 11.21 
also gives a lower bound on the dimension of the affine Deligne-Lusztig variety in the Iwahori setting. 
However, in this case the lower bound depends on the maximal length of a chain of Newton polygons 
in the universal deformation, for which a general formula is not known to us. 
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2 Notation and complements on torsors for loop groups 

We denote by ¥q the finite field with q elements and by k an algebraically closed field which is also 
an Fq-algebra. Let FqlzJ be the ring of power series in the indeterminate z and let Afilp^^^^^ be the 
category of FglJz] -schemes on which z is locally nilpotent. For a scheme S in Milpf^i^z} denote by 
C G Os the image of z and we write from now on 5" € Afilp^^^Q- We view z and C as algebraically 
independent indeterminates. 
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A reference for the various topologies {fpqc, fppf, et in addition to the Zariski topology) that we 
consider on the category of all F^-schemes is |SGA 3[ Expose IV, §6.3]. Let be the sheaf of 

(!?5-algebras on S for the fpqc-topology whose ring of sections on an S-scheme Y is the ring of power 
series 05|2;](y) := r(y, Oy)|2;]. This is indeed a sheaf being the countable direct product of Os- 
Let Os{{z)) be the fpqc-sheaf of Og-algebras on S associated with the presheaf Y i-^T{Y, Oy)Iz}[^]. 
If Y is quasi-compact then Os{{z)){Y) = r{Y, Oy)Iz}[^] by [Hil Exercise II. 1.11]. We denote by a* 
the endomorphism of Osl^^J and Os{{z)) that acts as the identity on the variable z, and as b b'^ 
on local sections b G Os- For a sheaf M of O5I2;] -modules on S we set a*M := M ^Oslz},a* Cfsfz}. 

Let G be a split connected reductive group over ¥q. Let i? D T be a Borel subgroup and a 
maximal split torus of G. Recall that a weight A € X*(T) is called dominant if (A, a^) > for 
every positive coroot of G, and similarly for coweights. We consider the ordering ^ on the group 
of coweights X*(T) of G, which is defined as /Ui ^ fi2 if and only if the difference ^2 — /Ui is a 
non-negative integral linear combination of simple coroots. If /Lii,/i2 are dominant it coincides with 
the Bruhat ordering. On X*{T) we consider the analogous ordering. On X^{T)q = X^(T) 0z Q we 
use the ordering with fii ^ /X2 if and only if the difference fi2 — /^i is a non-negative rational linear 
combination of simple coroots. For f^i € X^{T) we denote by the image of z € Gm(Fg((z))) under 
the morphism fi : Gm 

Let LG be the loop group of G, see |Fal Definition 1]. That is, LG is the ind-scheme of ind- finite 
type over ¥g representing the sheaf of groups for the /pgc-topology on Fg-schemes S given by 

LG{S) = G{Os{{z)){S)) . 

On Afilp^g^Q the local nilpotency of on S implies that the sheaf LG is canonically isomorphic 
to the sheaf associated with the presheaf S >-)■ G(r(5, Os')[j2;] [^3^]) . We denote by K the infinite 
dimensional affine group scheme over ¥q whose S-valued points for an F^-scheme S are K{S) = 
G[OsIz}{S)) = G(T{S, C>s)lz}). In the natural way K can be viewed as a subsheaf of LG. For any 
scheme S £ Milpf^^Q we denote by Ks the induced sheaf of groups for the /pgc-topology on S. The 
endomorphism a* induces an endomorphism of LG and K. 

Let * G {fPQC, fppf , et}. Let S G MilpYgi(^j and let H he a sheaf of groups on S for the *-topology. 
In this article a (right) H-torsor for the *-topology on S is a sheaf Q for the *-topology on 5 together 
with a (right) action of the sheaf H such that Q is isomorphic to on a *-covering of 5. Here H 
is viewed as an i?-torsor by right multiplication. The iJ-torsors are classified up to isomorphism by 
Cech cohomology H (5*,ff), which is a pointed set. For H = K the categories of torsors for the 
three different topologies fpqc, fppf , et are equivalent by Proposition 12.21 below. Therefore we simply 
speak of K-torsors on S. 

Let K' be equal to K or to the Iwahori subgroup 

1(5) := {g(^K{S) = G{T{S,Os)\z\): guioAz B{S)] . 

Let ^ be a i^'-torsor on S for the *-topology. Then Q is trivialized by a *-covering S' ^ S and 
Qgi = K'g, is an affine scheme. The covering 5' — )■ 5 is in particular an /p(?c-covering, and the fpqc- 
descent is effective by |BLRl §6.1, Theorem 6]. Hence Q is an (infinite dimensional) affine scheme over 
S. With Q we associate an LG-torsor CQ for the *-topology via the map H {S^,K') —?■ H (5*,LG). 
Also for an LG-torsor CQ on S we denote by a* CQ the pullback of CQ under the g-Frobenius 
morphism Frob^ : S S. 
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The pointed set H {S^,,K') also classifies another kind of torsors which we introduce now. 
Throughout this article (i.e. for the definition of local G-shtukas) we only use the first kind of torsors. 
However, the second interpretation of H (5*, K') turns out to be useful to compare these sets for the 
various topologies in Proposition 12.21 Besides, it relates the torsors underlying local G-shtukas to 
global versions as studied by Varshavsky |Var| . To explain it let S be an Fg-scheme and let SfzJ be 
the formal scheme over Spf Fq|z]] in the sense of [EGA! Inew, Section 10] consisting of the topological 
space S endowed with the structure sheaf O^lzJ. Equivalently SfzJ is the formal completion of 

= S SpecFg[z] along the closed subscheme S x^^ V(z). Let G' be the smooth affine parahoric 
group scheme over Fg|z] with K'{¥q) = G'(Fg|Jz]), with generic fiber G xp^ ¥g{{z)) and connected 
special fiber; see [HRl or [BTl 4.6.2, 4.6.26, and 5.2.6]. We write G' = G' XspecF,W Spf Fjz]] for the 
z-adic formal completion of G' . It is an affine formal scheme over Spf Fgjz]. There is an equality 

K'{s) = G'{r{s,Os)M) 

= HomF,j,j(r(G',0^),r(5,Os)W) 

= Hom-|j (r(G^, Og;) , T{S, OsM) 

= HomspfF,H(5'Izl , G') 

where the latter Hom group denotes morphisms of formal schemes over SpfFg|z], and the last 
equation holds by |EGA[ Incw, Proposition 10.4.6] since G' is affine. 

Definition 2.1. Let * G {fpqc,fppf,et}. We denote by PHS^{Slzj,G') (for principal homogenous 
space) the set of isomorphism classes of z-adic formal schemes G over SlzJ together with an action 
G^'^Spf FqlzJ^ ^ ^ of G' on such that there is a covering S'fzJ SfzJ where 5' ^ 5 is a *-covering 
and a G'-equivariant isomorphism a : ^XsizifS'lz] G''><gpfip^j^]]S'']Jz]. Here G' acts on itself by 

right multiplication. The set PHS^{Slz},G') is a pointed set, the distinguished point being the trivial 
torsor. 

Proposition 2.2. (a) There is a natural bijection of pointed sets il^ [S^:, K') = PHS^{SlzJ,G'). 
(h) fi\SeuK') = R\Sfppf,K') = Ii\Sfpgc,K'). 

(c) Let S = Specvl he an affine ¥q- scheme, let a C A be a nilpotent ideal and set A = A/a and 
S = Spec A. Then for any K' -torsor Q over S whose pull hack to S admits a trivialization 
(5 : ^5 K^, there is a trivialization a : Q K'^ lifting a. Likewise for any formal 

G' -torsor Q over S\z\ as in Definition \2.1\ whose pull hack to S\z\ admits a trivialization a, 
there is a trivialization a of Q lifting a. 

We are mainly interested in statement (c) for K' and in statement (b). However, we prove them 
using G' . 

Proof, (a) Let ^ be a formal G'-torsor representing a class in the set PHS^:{S\z\,G'), and let a : 
t?X5[2]|S"|z]] G'xgpf if^Uj,j5']Jz] be a trivialization over S'\z\ for a *-covering S' — ?> S. We can pull 
back a to 5'|z]xs[^j5'|4 = S"lz\ for S" = S' xs S' under the two projections pi : S"lz} S'lzj. 

Then h := p\a o pja~^ is a G'-equivariant automorphism of G'xgpf if^Jj,jS"'|2;]], hence given by an 
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element h G Homgpf p.i^j , G') = K'{S"). Clearly h is a 1-cocycle for the covering S' ^ S 

and induces a cohomology class in H^(5*,K'). 

Conversely any such cohomology class is represented by a ^-covering S' ^ S and a 1-cocycle 
/i G K'{S"). The latter defines a descent datum on G'xgpf p^^i^jS'l^J which we must prove to be 
effective. Let n be a positive integer and consider the situation modulo z". Then h (mod z") is a 
descent datum on 

G^Xsp„^H5'Hxsp„,HSpecFjzl/(z") = G' Xsp,,^^j,j {S' x^^Spec¥,[z]/iz^)) . 

Since G' is affine and S' x^^Spec¥g[z]/ (z^) — )■ S x^^SpecF q[z]/{z^) is an /pgc-covering by base change 
from S' S, the descent is effective by |BLR1 §6.1, Theorem 6a] and we obtain an affine scheme 
Qn over S xjr^ SpecFg[z]/(z"). It is of finite presentation and smooth by |EGA1 IV2, Proposition 
2.7.1 and IV4, Corollaire 17.7.3] since the same holds for G' over Fg|z]]. For varying n we obtain 
an inductive system Qn with Gn+i Xf,[^|/(2"+i) l^gl^l/l-^") = Qn whose limit exists as a z-adic affine 
formal scheme Q over Sfz} with underlying topological space Qi by |EGAl Incw, Corollary 10.6.4]. 

(b) Due to (a) and the injectivity of the natural maps PHS4t{Slz},G') ^ PHSfppf{Slz},G') ^ 
PHSfpgciSfz}, G') we only need to prove surjectivity of these maps. So let Q he a formal G'-torsor 
over Sfz} representing an element of PHSfpqc{Slz},G'). We must show that Q is trivial over 

for an etale covering 5' S. As in (a), G = lim^„ is the limit of smooth affine schemes Qn over 

S XFg SpecFq[2]/(2;"). Since Qi is smooth over S it has a section si : S ^ Qi over an etale covering 
S' — )■ S. We may further assume that S' is (the disjoint union of a family of) affine (schemes). 
Then the section si lifts inductively for all n to a section Sn '■ S' xjr^ Spec¥g[z]/{z'^) Qn by the 
smoothness of Qn- In the limit this gives a section s : S'\z\ ^ Q which induces a trivialization of 
^x^l^jS'lzJ over S'\z\ as desired. 

(c) We first consider a cohomology class in H^(S'^f , K') whose image under H^(5(;t, K') — > 'E^{S^t,K') 
is trivial. By (a) this class corresponds to a formal G'-torsor Q over Spf A\z\ whose pull back 
to Spf^Jz] is trivial. As above Q is the limit of Spec 74[2;]/(z")-schemes Qn which are of finite 
presentation and smooth. By the triviality of C/Xgpf^l^j Spf^[z]] there exists a section a : Spf j4|Iz] — >■ 

Q. Modulo z it induces a section Specj4 — > Qi which lifts by the smoothness of Qi to a section 
Spec A — >■ Qi. It inductively lifts by the smoothness of Qn to a section Spec A[2:]/(z") — > Qn- In 
the limit we obtain a section j3 : '^pi A\z\ — )■ Q (which in general does not lift the initial section 
a : Spf AJz] —7- Q). Nevertheless, the section yields a trivialization of Q over Spf A[z]] and this proves 
that the only cohomology class which becomes trivial under H {Set,K') H {Set^K') is the trivial 
one. 

We have to prove the existence of a trivialization a which lifts a both in the situation for formal 
G'-torsors Q and for J^'-torsors Q. Let the torsor be represented by S" — > S" and h € K'{S")- The 
trivialization a after pull back to S of the formal G'-torsor Q over S\z\, respectively the i^'-torsor 
Q over 5, is given by an element g € K'{S ) with p%{g)p\{g)~^ = h (mod 0) in K'{S ). Similarly 
the trivialization /3 of Q over SlzJ, respectively Q over S, is given by an element / E K'{S') with 
Pl{f) P*i{f)~\= h in K'{S")- Let J he the pullback of / to^. Then plif'^g) = plU'^g) in K'{S") 
implies that f~^g € K'{S) = G'(^[z]]). Since ker(^[2;] ^IzJ) is nilpotent and G' is smooth over 
Fg|z] we can lift f~^g to an element f~^g G G'(A[[2;]) with which we multiply / to obtain an element 
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g G K'{S') satisfying P2{g)Pi{9) ^ = h and lifting g G K'{S'). Then g induces a trivialization a of 
Q over S\z\, respectively Q over S, which lifts the trivialization a as desired. □ 

Proposition 2.3 (Hilbert 90 for loop groups). Let G = GL^. As before let K he the associated 
fpqc-sheaf over ¥q whose Y -valued points are K{Y) = GL,. (r(y, Oy) Jz]]) . Then for any ¥q-scheme 
S 

H {Szar,K) = H {S^t,K) = H {Sfppf,K) = H {Sfpgc,K) 

and this pointed set parametrizes isomorphism classes of locally free sheaves of rank r on the formal 
scheme S\z\, or equivalently sheaves of OslzJ-modules on S which locally for the Zariski-topology 
on S are isomorphic to OslzJ®^ . In particular, any fpqc-sheaf of Oslz^-modules on S which is 
isomorphic to Osfz}"^^' fpqc-locally on S is already isomorphic to Osfz}®^ Zariski-locally on S. 

Proof. The second and third equality were proved in the preceding proposition. Consider a cohomol- 
ogy class in H {Sfpqc,K) and represent it by an /p^c-covering 5' — >■ 5 and a 1-cocycle h € K{S") for 
S" = S' xs S'. Let Pi : S" — > S" be the projection onto the i-th factor. On the sheaf T' = Os'lz}®^ 
consider the descent datum given by the isomorphism h : plOs'lz}®'^ ^2^5/ [zj®'", v" 1-^ hv" over 
S". In this way 11^ {Sfpgc, K) parametrizes isomorphism classes of pairs (5" S , h) where S' ^ S 
is an /pgc-covering and /i is a descent datum on J^' = Os'lz}®^. 

Modulo such a descent datum induces a descent datum on the trivial sheaf J-"^ of rank r on 
S' xf, SpecFjz]/(z"). By /pgc-descent [BLR] §6.1, Theorem 4] and [EGAl IV2, Proposition 2.5.2] 
the sheaf T!^ descends to a locally free sheaf of rank r on S x^^ SpecFg[z]/(z"). By |EGAl Inew, 
Proposition 10.10.8.6] the projective limit J-" = lim J>i is a locally (in the Zariski-topology) free sheaf 

of rank r on 5 [[2]]. Since 5 is the underlying topological space and Osl^] is the structure sheaf of 
the formal scheme SlzJ the sheaf J- is nothing else than a sheaf of O^l-z;]] -modules on S. This proves 
the proposition. □ 



3 Local G-shtukas 

Definition 3.1. A local G-shtuka over S" is a pair Q_ = {Q, ip) consisting of a A'-torsor Q on S together 
with an isomorphism ip : a*CQ CQ of the associated LG-torsors. 

If / : 5' ^ 5 is a morphism in Milpf^^Q there is a natural way to pull back a local G-shtuka Q_ 
from 5 to S". We denote the pullback by Q_g, or f*Q_. 

Remark 3.2. In particular, if ^ = {Q, ip) is a local G-shtuka over a noetherian complete local ring R 
with algebraically closed residue field, then Q is isomorphic to the trivial torsor, and the morphism 
if can be written as ba* for some b G LG{R). Indeed, G is trivialized by an etale i?-algebra by 
Proposition 12.21 but every etale i?-algebra decomposes into a direct sum of copies of R. 

For G = GLr local G-shtukas previously appeared in the literature as pairs (M, ip) where M 
is a locally free sheaf of ©5 [z]] -modules of rank n, and where (p : a*M[^^] -^[jz^] is an 
isomorphism. They were first introduced by Anderson |An| in the case when S is the spectrum of 
a complete discrete valuation ring. Genestier jGej constructed Rapoport-Zink spaces for them in 
the Drinfeld case and used these to uniformize Drinfeld modular varieties. Local GL^-shtukas were 
further used and studied, among others, in [Hall Illa2] . (To be precise, in all these references they 
have to satisfy an additional boundedness condition in the style of Definition 13.51 and Example 14.51 
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below.) The two definitions of local GL^-shtukas given above are equivalent by Proposition 12.31 
For more details see Section HI Local GL^.-shtukas are analogs in the arithmetic of local function 
fields of p-divisible groups, or more precisely of F-crystals. To a large extent they behave similarly 
(see also |Ha3j and [Halj where they were called Dieudonne Fgl^J-modules). Similarly to p-divisible 
groups which describe the local behaviour of abelian varieties at the prime p, there is also a global 
version of local G-shtukas. In jVarj Varshavsky describes G-shtukas which are defined using a smooth 
projective curve instead of Spf FglzJ. 

We define the Hodge polygon of a local G-shtuka. Let S € TVi/pjj-^^ . Let Q and H be ET-torsors 

on S and let 6 : C7i CQ be an isomorphism of the associated LG-torsors. For a geometric point 
s : Spec A; S, we can choose trivializations of s*Q and 3*71. Then 6 corresponds to an element 
g € LG{k). Changing the trivializations changes g within its K{k)-douhle coset. The Cartan 
decomposition shows that LG{k) is the disjoint union of the sets K{k)z^K{k) where fi G X*(T) is a 
dominant coweight. Obviously the double coset of g does not depend on the chosen algebraic closure 
k of 

Definition 3.3. The dominant element fJ^s{s) € X*(T) with g G K{k)z^^^^^^ K{k) is called the Hodge 
polygon of 6 at s. If G_ = {Q, ip) is a local G-shtuka over 5, we write ^xg{s) := /U,^(s). 

Let 7ri(G) be the quotient of X^,{T) by the lattice generated by the coroots. For any coweight 
/i € X^{T) let [^] be its image in 7ri(G). 

Proposition 3.4. Let Q and % he K-torsors on S and let 5 : CH CQ he an isomorphism of the 
associated LG-torsors. Then the function S — ?• 7ri(G), s ^ [l^sis)] is locally constant on S. 

Proof. By Proposition 12. 21 we can choose trivializations for the torsors Q and % over an etale covering 
f : S' S. Thus 6 corresponds to an element of LG{S'). This induces a morphism from S' to 
the affine Grassmannian Gr. By |PR2t Theorem 0.1] the group vri(G) equals the set of connected 
components 7ro(Gr) and the induced morphism S' 7ro(Gr) = 7ri(G) does not depend on the chosen 
trivializations. Hence it descends to a morphism S — ?• 7ro(Gr) which coincides with . )]. Therefore 
. )] is locally constant. □ 

Let B C G he the Borel subgroup opposite to our fixed B. For a dominant weight A of G we let 
V{X) := (Indg(-A)dom)'' be the Weyl module of G with highest weight A. It is a cyclic G-module 
generated by a S-stable line on which B acts through A. Any other such G-module is a quotient of 
V{X), see for example \3a\ II. 2. 13]. For a X-torsor Q on a scheme S we denote by Qx the fpqc-sheaf 
of OglzJ -modules on S associated with the presheaf 

Y ^ (^g{Y)x{V{X)(E)f^Oslzj{Y)))/K{Y). 

This means in particular that if 5' — ?• 5" is an etale covering trivializing Q (see Proposition 12. 2p and 
if Q : Qs' Kgi is an isomorphism of i^-torsors with p^a o {p\a)"^ = 9 ^ K{S") on S" = S' xg S' 
(with Pi the projection onto the i-th factor) then 

GxiY) ^ {v' GV{X)(i?)^^Oslzj{Y xsS'): p^v' = g ■ plv' on Y xs S" } . 

By Proposition 12.31 the sheaf Gx is locally free in the Zariski-topology on S. 
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Furthermore, if Q and 7i are ET-torsors on S and 6 : CH CQ is an isomorphism of the 
associated LG-torsors then 5 induces an isomorphism of sheaves of C'5((z))-modules 

<5 : nx Os{{z)) ^ Qx ®Oslz\ Oslz)) . 

Indeed, if over an etale covering S' ^ S there are triviahzations a : Gs' ^S' find /3 : Hs' Ks' 
with p^a o (pja)-i = g£ K{S") and p^^ o (p|/3)-i = he K{S") and a6^-^ = A € LG(S'), then 5 
sends v' e ?^a(1^) ®OsW(y) Os{{z)){Y) toA-v'. 

Definition 3.5. Let S be a connected scheme in Afilp^^^Q and let ^ be a dominant coweight of G. 
Let either z = z — (oicz = z. 

(a) Let G and Ti be J^-torsors on S and let 6 : CH CQ be an isomorphism of the associated 
LG-torsors. The isomorphism 5 is bounded by (/i, z) if for each dominant weight A of G 

6{nx) C 5-((-^)do.n,M>^^ c ®OsW and (3.1) 

[^] = insis)] in ^i(G) for all s £ S. (3.2) 

(b) A local G-shtuka {G, tp) over S is bounded by fi if the isomorphism 

93 : a*CQ CQ 

is bounded by (^, z — ("). 

Remark 3.6. Bounds using z = z are only used in some of the proofs to bound quasi-isogenies 
between local G-shtukas (see for example Definition 13.81 and the proof of Theorem 16. 3p . 

Instead of using Weyl modules for the definition of boundedness one could also use a different class 
of representations such as for example the class of all induced representations V^(A)^ = Ind^(— A)dom) 
or the class of all representations with lowest weight (— A)dom; or the class of all tilting modules 
[Jal Chapter E]. It follows from Lemma l3.1C|(b)| below that on reduced schemes S in Nilp^^'^Q 
the boundedness definitions for all these classes are equivalent. However, they may differ in their 
nilpotent structure. 

Lemma 3.7. The monoid X*(T)+ of dominant weights is finitely generated. Condition \3.1\j holds 
for all dominant weights ( and fixed z = z — Q or z = z) if and only if it holds for a finite generating 
system. 

Proof. Every dominant weight is a non-negative integral linear combination of the dominant weights 
in a generating system. So it suffices to show that if condition (j3.ip holds for two dominant weights 
A and A' then it also holds for A + A'. Now V{X + A') is a G-submodule of V^(A) (g) V{X'). Indeed, as 
V{X) and V{X') are Weyl modules, they trivially admit a Weyl-filtration, i.e. a filtration with Weyl- 
modules as factors. By [Jal II. 4. 19, II. 4. 21] the same is true for V{X) ® V{X'). By Weyl's character 
formula |Ja|. Corollary II. 5. 11] the character of V{X) 0V{X') contains A + A' as highest weight. Thus 
we can find ^(A + A') as a submodule of V{X) (8) V{X') by [Jal II. 4. 19]. Consequently also Hx+x' is 
a submodule of Hx V-x' and the same holds for GGa+a'- Now the linearity of A 1-^ ( (— A)domi m) 
for dominant A proves the lemma. □ 
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Definition 3.8. A quasi-isogeny between local G-shtukas {Q, ip) — )• {Q' , ip') over S is an isomorphism 
of the associated LG-torsors / : CQ CQ' with ip'a*{f) = fip. The set of quasi-isogenies between 
Q_ and over S is denoted QIsog5.(^, ^'). 

As one might expect from the analogy with j5-divisible groups, quasi-isogenies are rigid in the 
following sense. 

Proposition 3.9. Let Q_ = {Q,<p) and = {Q',ip') he two local G-shtukas over S £ Milpf^iQ and 
let i : S ^ S he a closed immersion defined hy a sheaf of ideals X which is locally nilpotent. Then 

i* : Qlsogs(£,£0 ^ QIsog^(i*g,i*£') , f ^ i* f 

is a hijection of sets. Let now S he quasi-compact and letQ_,Q^ hoth be bounded. Then an element of 
the right hand side is bounded by {fi, z) for some /i if and only if the corresponding element over S 
is bounded by {fl,z) for some fi. 

Proof. Arguing by induction over OsjT'^"^ it suffices to treat the case where X*^ = (0). In this case 

the g-Probenius Frobp factors as S ^ 5 A 5 where j is the identity on the underlying topological 
space \S\ = IS" I and on the structure sheaf this factorization is given by 

Os ^ Os ^ Os 
h ^ b mod / i-> b'i . 

Therefore a* f = f) for any / € Q,lsogs{G_,G^). We obtain the diagram 

eg i eg' (3.3) 



'^1 

a* eg J > a* eg' 

from which the bijectivity is obvious. 

For the assertion on boundedness we may again assume that X"? = (0). One direction is obvious, 
thus we now consider the case that i*f is bounded by /x. We use Lemma [3. 71 Let A be a finite gener- 
ating system of the monoid of dominant weights. The A G A fall into two classes according to whether 
(A,2p^) = (i.e. A is central) or (A,2p^) > 0. Since (-2p^)dom = 2p^, we have ((-A)dom, 2p^) > 
for each A in the second class. Since 5 is quasi-compact, we can find an ?n > such that for all those 
A, (|3.ip is satisfied for the coweight 2mp^ + /u. For the A with (A, 2p^) = note that as A is central, 
—A is also dominant. If g_ is bounded by some cj, applying (|3.ip to A and —A implies that ip induces 
an isomorphism 

We get a similar isomorphism for ^' with some w'. Observe that (A,a;) = {X,uj') since A is central, 
[lo] = [uj'] in ni{G) by (13. 2p . and f o ip = ip' o a* f . Also the boundedness of i* f over S hy ^ yields 
(by applying j*) an isomorphism 

/, : - (-l^)<^'-)^*g, ^ (_l_)<^'-)(i)("^'/^)^*g; ^ (i)<"''"^a; = (i)<"^.2„.pv+,)^, 
over S, proving that / is bounded by 2mp^ + fJ.. □ 
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Lemma 3.10. Let Q and % he K-torsors on S for a connected scheme S € Afilpf^^Q. Let either 

z = z — Q or z = z and let 5 : CTi CQ be an isomorphism of the associated LG-torsors. Let fi be 
a dominant coweight of G satisfying 113.^) . 

(a) Then the condition that 5 is bounded by {fJ.,z) is representable by a finitely presented closed 
immersion into S. 

(h) If S is reduced then 5 is hounded by {fJ.,z) if and only if this holds for the puUback to every 



geometric point of S. By (a) it is even enough to consider the pullback to the generic points of 
S. 

Proof We prove the lemma for z = z — C, the other case is completely analogous. Fix a generating 
system A of the monoid X*{T)^ of dominant weights and consider for each A € A the isomorphism 

Since both questions are local on S we can assume that S = SpecR and Qx a-^d T-Lx are free -R[z]]- 
modules. Then 6{'Hx) is contained in {z — O'^^^Gx C Qx <8r[z| ^I-^M^r^] for some Nx ^0. So 5 is 

bounded by fj. if and only if 6 maps all generators of Hx to zero in {z—()^^^Qx/ (z—()~^^~'^^'^°'^'^'^Qx =■ 
Mx for all A G A (by Lemma l3.7p . Let M := ^^^j^^Mx- Since M is a free i?-module of finite rank 
this condition is represented by a finitely presented closed immersion. This proves (a). 

The condition in (b) is clearly necessary. Since M M (g)^ Ilpci? f^ip)^^^ where the product is 
taken over all prime ideals p of R, the condition is also sufficient. □ 

Lemma 3.11. Let k be an algebraically closed field in Milpf^^Q (hence C = in k) and let Q and H 
be K-torsors over k. Let 6 : CH CQ be an isomorphism of the associated LG-torsors with Hodge 
polygon //^(Specfc) and let fi be a dominant coweight of G. Then 6 is bounded by {fi,z) if and only 
if //^(Spec k) ^ fi. 

Proof. After choosing trivializations of Q and T-L the isomorphism 5 is represented by left multipli- 
cation with an element sz^ t € LG{k) for ^' := fis{Speck) and s,t £ K{k). Let A be a dominant 
weight of G and consider the Weyl module V{X). By Weyl's character formula |Jal Corollary ILS.ll] 
its weights A' all satisfy — (— A)dom ^ A' ^ A and the weight — (— A)dom occurs. Let vy G ^^(A) be an 
element of the weight space of A'. Then 

5{t-\x') = z^^''^"'^ ■ s{vx') G Qx . 

In particular 6{7ix) C z^^(~^)dom,M'>(^^ \ z^"-Qx for ah n < ((-A)dom, /"')• So 6 is bounded by fi if 
and only if /x — /x' is a linear combination of coroots (by (13. 2p ) with ((— A)dom) At — A*') — every 
dominant A. This is equivalent to fi' ^ fi. □ 

Example 3.12. For G = Gm we give an example of a local G-shtuka over R = A;[e]/(e^) which is 
not bounded by any coweight fi. Let Q_ = {KR,ba*) with b = 1 + f • The Hodge polygon in the 
special point is equal to /i = (0) G Z. Thus in the special point it is bounded hy fi = (0) and by no 
other /i'. But as 6 ^ Gm, (-^[2]]), the boundedness condition does not hold on all of Speci?. 

On the other hand we have 
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Lemma 3.13. Let Q and % he K-torsors on a quasi- compact connected scheme S S Afilp^^^Q. Let 

either z = z — Q or z = z and let 5 : CH CQ he an isomorphism of the associated LG-torsors. 
Assume that G is semi-simple or that S is reduced. Then there is a dominant n € X^{T) such that 
5 is hounded hy {n,z). 

Proof. Let {Ai, . . . , A„} with Aj 7^ be a finite generating set of tlie monoid of dominant weights of 
G. Let {A„', . . . , A„} be the subset of weights that are central in G, that is orthogonal to the sum 
of the positive coroots. If G is semi-simple, the latter set is empty. Since S is quasi-compact, there 
are constants q for i = 1, . . . ,n with 6{T-Lx.) C z~'^'^Qx.. We have to show that there is a dominant 
/_f with [fi] = [fis{s)] in tti{G) for all s € S" and ((— Aj)domi /^) > Q for all i. As S is connected, 
[/^^(s)] G vri(G) is constant. Let fj. be dominant with [jj] = [ns{s)]. Replacing fj. by fi + 2cp'^ for c S N 
leaves the image in 7ri(G) invariant and replaces ((— Ai)dom)^) by ((— Ai)domi ^) + Ai)dom) 2p^). 
For non-central Aj, the last bracket is strictly positive. Thus for i = 1, . . . , n' — 1 we can choose c 
large enough to ensure that ((— Aj)donu/^ + 2cp^) > q. For G semi-simple this proves the lemma. 
Consider now the case that S is reduced. We want to show that fi -\- 2cp^ also satisfies the analogous 
condition for i > n'. As S is reduced, it is by Lemma 13.101 enough to check the condition in each 
geometric point separately. Thus we have to show that {{—Xi)dom, psis)) < ((— Ai)dom) M + 2c/9^) 
for i > n' . As Aj is central, both sides are determined by the images of //^(s) resp. /x + 2cp^ in 
7ri(G) = X*(T)/(coroot lattice). As those images agree, the two sides are equal. □ 

Proposition 3.14 (Soergel). Let V = ©^eA ^(-^) direct sum of Weyl modules over a finite 

generating system A of the monoid X*[T)j^ of dominant weights for G. Then the natural map 
rj : G ^ GL(y) is a closed immersion. 

Proof. We first prove injectivity for points with values in an algebraic closure of Fg. Every such 
point lies in a Borel subgroup and is thus conjugate to an element g € i?(Fq'^). Assume that 
g € ker(ry)(Fq^^). Let g = gsgu be its decomposition into semi-simple and unipotent part. For each 
A G A consider a highest weight vector vx G ^(A). That is, vx generates the G-module V^(A), and 
B stabilizes Fg ■ vx and operates through the quotient T and the weight A on vx. In particular 
^{ds) ■ Vx = A(<^) • Vx = i]i9)ivx) = Vx, and hence X{gs) = 1- Since this holds for all A in a generating 
system of X*{T), we must have gs = 1. So ker(r/) is a closed normal subgroup consisting solely of 
unipotent elements. Since G is reductive we conclude ker(r7)(Fg^) = (1). 

For 1] to be a closed immersion it remains to prove that the induced map on Lie algebras is 
injective. Since ker(?/) is normal in G, the torus T acts on it and the Lie algebra of ker(?/) decomposes 
into weight spaces under T. So it suffices to show that rj is injective on LieT and on Lie Ua for each 
root subgroup Ua- Our argument for injectivity on points also shows that r] is injective on LieT. 

Now we consider By conjugation with the longest element of the Weyl group it suffices to 
treat the case where a is a negative root. For this consider a dominant weight A (not necessarily in 
A) and the ^-representation Wx ■= (—A) (8) Res^Ind^A where 

Ind§A := { / G ¥q[G] : f{xb) = X{by^f{x) for all x e G,b eB } . 

Let U be the unipotent radical of B. Via restriction to U we get a map Wx — > Fq[J7]. This is an 
inclusion, since every / € Wx which is zero on U is also zero on the big cell UB, hence zero in Fq[G]. 
For t G T we have {tf){x) = /(t"^x) = f{t^^xtt^^) = X{t) lnt*t{f){x) with lnt*t{f){x) := f{t~^xt). 
The inclusion Wx C Fg[C/] is equivariant under T, where T acts on Fg[C/] through Int^. Note that 
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the weights of ¥q[U] are in Q<o • -R^ := {J2i3£R+ ^z? ' /5 : '^z? £ Q, < 0}, where is the set of 
positive roots. The inclusion is also equivariant under U, where U operates on ¥q[U] through left 
translation. 

We choose A such that w{X + p) — X — a — Q>o • for all w 7^ 1 in the Weyl group W, 
where p is the halfsum of all positive roots. To see that such a A exists, let ai, . . . ,ar be the simple 
roots of G and choose jij G X*(T)q for j = 1, . . . , r with {ai, fij) = 6ij. Let 

N = max{ {-a , fij) : j = 1, . . . , r } G Nq 

and let A = 2Np. For any 1 w £ W there exists a fj,j with {p — w{p), pj) 7^ 0, i. e. {p — w{p), pj) > 
1/2. Then 

{w{X + p)-X-a-p, pj) < {2N + 1) {w{p) - p , pj) + {-a , pj) < 0, 

and this implies that w{X + p) — X — a — p ^ Q>o • -R"*" for all w ^ 1. Note that for this choice of A 
we have A = (— A)dom- 

We next use Kostant's character formula \Kn\ Corollary 5.83]. Note that although it is stated in 
loc. cit. for Lie algebra representations in characteristic zero, the formula also holds in our situation 
because it is a formal consequence (see |Knl proof of Corollary 5.83]) of Weyl's character formula 
[Jal Corollary II. 5. 10]. Let ^ be a weight and 

V{p) := : n^, G N>o, ^ = • /3 } = dimF, (F,[C/])-^ 

l3eR+ 

the dimension of the (— ;u)-weight space of Fg[C/]. li p ^ Q>o • R'^ then V{p) = 0. Kostant's formula 
says that the a-weight space of W\ has dimension 



dimF,(W^Ar = dimF,(lnd|A)^+" = ^ (-l)^(-)p(^A + p) - A - a - p) 



which is for our choice of A 



= V{X + p-X-a- p) = dimF,(Fj[/])°. 

In particular, W\ generates the Fg-algebra Fg [[/„]. Assume that u € Lie C/q, lies in ker(7y). Since 
V{X) is a G-submodule of a tensor power of V (see the argument of Lemma l3.7p . u acts trivially on 
V{X). As A = (— A)dom) it also acts trivially on Wx. Therefore u acts trivially on Fq[[/Q,]. Since this 
operation is via left translation we must have u = 0. This proves that 77 is injective on Lie Ua and 
finishes the proof. □ 

Remark 3.15. The corresponding map Vj' : G ^ GL(y') where V' is a sum over A of corresponding 
irreducible highest weight representations is in general not an immersion. This already occurs for 
G = PGL2 in characteristic 2, where one can choose A to consist of the only positive root a. The 
corresponding Weyl module V{a) is the dual of the adjoint representation. With respect to the 
decomposition V{a) = (LieT © Lie Ua © Lie U-aY it is given by 



?7 : PGL2 ^ GL(T/(q)) , g 



a b 
c d 



I ac bd \ 

det g det q \ 





ac 


bd 


det g 


det g 






det g 


det g 








d^ 


det g 


det g 
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It is an extension of a two-dimensional irreducible representation V by the trivial representation, 
and the corresponding map ij' : PGL2 GL(V') is not injective on tangent spaces. 

For the next proposition recall that by |EGA1 Oj, Lemma 7.7.2], a linearly topologized 
algebra R is admissible if i? = limi?^ for a projective system [Ra,Uap) of discrete rings such that 
the filtered index-poset has a smallest element 0, all maps R — ?• Ra are surjective, and the kernels 
la '■= keruo,o C Ra are nilpotent. 

Proposition 3.16. Let R he an admissible ¥q\C,'\- algebra as above with filtered index-poset Nq. Then 
the pullback under the natural morphism Spf R Spec R defines a bisection between local G-shtukas 
bounded by /i over Speci? and over Spf i?. 

Remark 3.17. Without the boundedness by fi the pullback map is in general only injective. The 
corresponding result for p-divisible groups is shown by Messing in \M.e\ Lemma II. 4. 16] and by de 
Jong in \dJ\ Lemma 2.4.4]. 

Proof of Proposition \3. 161 A local G-shtuka over Spf R is by definition a projective system (£„)neNo 
of local G-shtukas over i?„ with G^_i — ®iln ^n-i- The pullback under Spf i? Speci? 
sends a local G-shtuka Q_ to the projective system {G_0r Rn)n- We describe the inverse map. By 
Proposition 12.21 there is an etale RQ-algehia Aq which trivializes Qq. By |SGA \\ Theoreme 1.5.5] 
there is a unique etale i2-algebra A with A iS>r Rq — Aq. Set An := A (g)/? i?„,. By Proposition 12.21 
we can simultaneously trivialize all Qn over An- Thus (8)r„ An = {KA„,bnCr*) for 6„ G LG{An) = 
G(^„|z]][^^]) with bn ^n-i = bn-i- We must show that b := lim6„ exists as an element of 

G(A|z][^^]). Note that without the boundedness by /x this is in general false. 

Consider the representation 77 : G — t- GL(y) with V being the F^-vector space ^(-^) from 

Proposition 13.141 Let be a positive integer with N > ((— A)dom) /u) for all A G A. Then the 
boundedness by /i implies that {z — C)^ • vi^n) ^ Afr (^n. I-zl ) 1 that is the denominator of bn is 
bounded by {z — independently of n. Clearly the projective system ((z — • rj{bn))^ has a 
limit in Mr{Alzj). It is of the form {z - C)^ • for a 6 € G(A[1^][^]) by construction. The 
local G-shtuka [Kspcc A, ba*) over Spec^l inherits a descent datum from the Q_^. This gives us the 
desired local G-shtuka over Speci?. □ 

4 The general linear group 

In this section we consider the case G = GL^ and give the translation between GL^-torsors and 
locally free sheaves of finite rank. This special case has the advantage that the similarity to the 
theory of crystals is visible more clearly. 

Let B C GL^ be the Borel subgroup of upper triangular matrices and let T be the torus of diagonal 
matrices. Then A^,(T) = Z^' with simple coroots Cj — ej+i for i = 1, . . . , r — 1. Also X*{T) = TU . Let 
Aj = (1, . . . , 1, 0, . . . , 0) with multiplicities i and r — i. The Weyl module y(\\) = (lnd^^''(— Ai)dom)^ 
of highest weight Ai is simply the standard representation of GL^ on the space of column vectors 
with r rows, and V{Xi) = aV(Ai). For an F^-scheme S we have K{S) = G\.r(T{S,Os)lz\) . By 
Proposition 12.31 there is an equivalence between the category of iC-torsors on S and the category of 
sheaves of C'5|z]]-modules which Zariski- locally on S are free of rank r with isomorphisms as the 
only morphisms. This equivalence sends Q to the sheaf Q\-^ associated with the presheaf 

Y ^ (g{Y) X {V{\i)(^^^Oslz\{Y))) / GU{Ylz\); 
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compare the discussion before Definition 13. 5i On the sheaf Qx-^ the g roup GLt^ QjCts via the standard 
representation (which corresponds to Ai as above). 

Definition 4.1. A local shtuka over S G Afilp^^^Q (of rank r) is a pair (M, ip) where M is a sheaf of 
Osl^] -modules on S which Zariski-locahy is free of rank r, together with an isomorphism of Os{{z))- 
modules ip:a*M (^OsM ^s{{z)) ^ M (^OsM ^s((^))- 

A quasi-isogeny between local shtukas (M, (^) — )• {M',{p') is an isomorphism of ©^((z)) -modules 
/ : M ^OsM ^s{{z)) ^ M' ®OsM ^siz)) with ^'a*{f) = f^. 

Lemma 4.2. Under the functor Q ^ Qx-^ =: M the category of local GLr-shtukas over S with quasi- 
isogenies as morphisms is equivalent to the category of local shtukas over S with quasi-isogenies as 
morphisms. □ 

Let M = {M,ip) be a local shtuka over S € Milp^^^Q and let s : SpecL ^ 5 be a point with 
L a field. By the elementary divisor theorem (i.e. the Cartan decomposition for G = GL^) there 
are L|z]-bases mi, . . . , rrir of Mg and ni, . . . ,nr of a* Ms with (p{ni) = z~^^ -rrii and Cj = ei{M; s). 
The elementary divisors ei > . . . > Cr are called the Hodge weights of Mg- The decreasing ordering 
ei > . . . > er corresponds to the choice that the Borel subgroup B is the group of upper triangular 
matrices and that we want (ei, . . . , e^) to be dominant. The vector fi = (ei, . . . , Cr) is also called 
the Hodge polygon of Ms- This name comes from the fact that one often considers the polygon 
associated to fi which is the graph of the piecewise linear continuous function [0, r] ^ R with i-^ 
and slope on [i — 1, i]. Note that we chose the opposite ordering ei > . . . > er than Katz |Kaj does 
and therefore the shape of our polygons is opposite to the one of Katz. 

The second coordinate ei + . . . + Cr of the endpoint of the polygon associated to fi equals the 
valuation ordz{det ip) of the determinant of (p with respect to any L|z]-bases of Mg and a* Ms- One 
easily checks that it is a locally constant function on S. In view of 7ri(GLj.) = Z and [^m{s)] = 
ordz(det s*(/j) this gives a simple proof of Proposition 13.41 for G = GL^,. 

The ordering on X^{T) can also be visualized using the associated polygons: /u' ^ /i if and only 
if the polygon associated to /i' lies below the polygon associated to /i and both polygons have the 
same endpoint. Writing ^' = {di) and /u = (e^) this is equivalent to ei -|- . . . -|- Cj > di -|- . . . -|- for 
all 1 < i < r with equality for i = r. 

Lemma 4.3. Let di > ... > dr he integers. Then a local Ghr-shtuka Q_ is hounded by fj, = 
(di, . . . , dr) € Z*" = X*(T) if and only if its associated local shtuka (M, (p) satisfies 

ip{A'a*M) C {z - Cy--'+''+-+'^'- A' M for I < i < r with equality for i = r . 

In this case coker((/5 : a*M — > (z — C,)'^^ is a locally free sheaf of Os-modules of finite rank on S. 

Proof. To prove the first assertion we use Lemma [3.71 The dominant weights Aj = (1, . . . , 1, 0, . . . , 0) 
with 1 repeated i times for 1 < i < r, together with — Ar generate the monoid X*(T)+ of dominant 
weights of GL^. The Weyl module V{\i) associated with Aj is the i-th exterior power of the standard 
representation V{\i). The Weyl module V{\r) is one dimensional and therefore equal to y(— A,-)^; 
cf. [JaJ Remark 3, p. 177]. This is responsible for the equality for i = r. 

To prove that cokeup is locally free note that (p : a*M — )> (z — Q'^^'M is injective. Let s : 
SpecK(s) — )■ 5 be a point of 5 and consider the sequence 

— > Torfs(K(s),coker99) — > s*cr*M s*(z - C)'^''M — > s*coker(^ — > 0. 
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As M is locally free we have s*a*M = k(s)|z]®'' = s*{z — QY^'M. The boundedness condition says 
for i = r that det(s*(/9) equals +■■■+"''■ times a unit. Therefore the map s*Lp is injective. So coker(^ 
is finitely presented by construction and flat over S by Nakayama's Lemma; e.g. (ETJ Exercise 6.2], 
hence locally free of finite rank. □ 

Remark 4.4. Over a field S = s = Spec A; the elementary divisor theorem (or Lemma |3. lip tells us 
that M is bounded by /i = (dj) if and only if ei(M; s) + . . . + ei{M; s) < di + . . . + for all 1 < i < r 
with equality for i = r, that is the Hodge polygon ^xm{s) '■= {ei{M; s)) satisfies fiM{s) ^ /i- 

Example 4.5. Consider = (d, 0, . . . , 0) for some d > 0. Then a local GL^-shtuka G_ over 5* is 
bounded by /i if and only if its associated local shtuka (M, ip) satisfies that ip : a*M ^ M is a true 
morphism of -modules and coker (/? is locally free of rank d on S. 



5 Deformation theory of local C-shtukas 

Before we treat deformations let us return to the affine Grassmannian Gr. Consider the formal scheme 
Spf Fg|(^] as the ind-scheme lim SpecFg[C]/(C"') and let Gr be the fiber product Gr xgpecFq Spf Fq|[C] 

in the category of ind-schemes ( |BD1 7.11.1]). Thus Gr is the restriction of the sheaf Gr to the /pp/-site 
of schemes in Afilp^^^Q. We can also think of Gr as the formal completion of Gr xspccF, SpecF^IJC] 
along the special fiber V(C) C Gr xgpocFg SpecFqlCJ. 

The following proposition is a variant of |LSt Proposition 3.10]. Namely loc. cit. treats the case 
where ^ is a G-torsor over X xp^ 5 for a smooth projective connected curve, and 5 is a trivialization 
outside a single point p £ X. Our proposition is the infinitesimal variant and the argument of loc. 
cit. carries over literally. We will give a detailed proof of this fact in a slightly modified situation in 
Theorem [ 



Proposition 5.1. The ind-scheme Gr pro-represents the functor [Milpf [^])° — > Sets 



S I — > <^ Isomorphism classes of pairs {G,S) where 
Q is a K-torsor on S and 

5 : CQ LGs is an isomorphism of the associated LG-torsors | . 
Here {G,6) and {G',6) are isomorphic if o 5' is an isomorphism Q' Q. 

Definition 5.2. We write Gr = limX„ for some quasi-compact schemes X„, G MHpt^^^q. Let 

either z = z — C,ovz = z. Then the condition that the inverse 7 := of the universal isomorphism 
5 : CQxn LGx„ from Proposition [5T] is bounded by (/U, z) is represented by a closed subscheme of 
Xn by Lemma 13.101 The inductive limit of these closed subschemes defines a closed ind-subscheme 

of Gr, which we call Gr"^''' The fibers over = of Gr~^'^' and Gr~^^' coincide as ind- 
subschemes of Gr. 

To describe Gr and Gr recall that the Cartan decomposition defines a stratification 

of Gr by the Schubert cells Gr^ := Kz^~^^^'^°"^K/K for dominant coweights fi. Note that our unusual 
definition of Gr^' is motivated by Proposition 15.51 and Remark 15.81 below. The following result is 
well-known. 
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Proposition 5.3. (a) The Schubert cell Gr^ is a locally closed suhscheme o/Gr which is a quasi- 
projective scheme overFq. 

(b) The closure of Gr^ in Gr equals the union Gr-'^ := U/^'^/x^'^'' ■ latter is a projective 
scheme over ¥q and Gi'^ is open in Gr-'^. 

(c) Both Gt^ and Gr-'^ are irreducible and of dimension (2p, ^u) where 2p is the sum of all positive 
roots of G. 

Proof. Note that (— /u)dom = wo{—fi) where wq is the longest element of the Weyl group. Thus ^ 
if and only if (— /i')dom ^ (— A')dom- Besides, {2p, (— ^)dom) = (2/0, /i)- Now the assertion follows from 
jNPl Lemma 2.2 and the remarks thereafter] or \BD\ 4.5.8, 4.5.12], except for the projectivity of 
Gr-'* which we now prove. Since K is an affine scheme, it and Gr'' are quasi-compact. Since there 
are only finitely many /x' ^ fi, also Gr-'* is quasi-compact and then its projectivity follows from the 
facts that Gr is ind-projective (that is Gr = limX„ for projective F^-schemes see \BD\ Proof of 

4.5.1(iv) and 7.11.2(iii)]), that Gr-'* is closed in Gr, and the following Lemma [5.4i Note that strictly 
speaking the results in [BD^ §4.5] are proved only over the base field C but their proofs also work 
over ¥q. □ 

Lemma 5.4. Let X be an ind-scheme over a base scheme S, cf. jBD\ 7.11.1], that is X is a sheaf of 
sets for the fppf -topology on S, which can be represented as the limit \\mXa of an inductive system 

of quasi-compact S-schemes X^ and closed immersions X^ ^ Xp for a < j3 in a directed set. If U 
is a quasi-compact S-scheme, then any S-morphism f : U X, that is section f € X[U), factors 
through some Xa^. 

Note that since the presheaf U l-^> limXa(C/) is not a sheaf, an argument for this is required. 

Proof. Since X is the sheaf associated with the presheaf U i— )> lim Xa{U), the morphism / is given by 

a covering U' ^ U for the fppf -topology and an element /' G lim ([/'). This means that there is 

an /|5|?/-morphism U" U and a Zariski covering U" = (Jj such that U' = ]Jj U" . In particular 
/' G Y\ - lim Xa{U-') and for each i there is an Oi with f'\u" S Xcti{U['). Since U is quasi-compact, 

already finitely many of the U[' form an fppf -covenng of U. Replacing U' by their union we can 
assume that U' is also quasi-compact. Then taking ao as an upper bound of the finitely many a, 
involved yields /' S Xq,o(C/'). By fppf -descent |BLR1 §6.1, Theorem 6a] the morphism / factors 
through Xaa ■ □ 

Proposition 5.5. Let either z = z — C, or z = z. Then the ind-scheme Gr is a C,-adic noetherian 
formal scheme overFqlQ whose underlying topological space is Gr-'*. 

Proof. We claim that Gr"*''^' Xgpf jr^j^j SpecFq|C]/(C"') =: Yn is a scheme locally of finite type over 
^gICl/(C"') with underlying topological space Gr-'*. From the claim the proposition follows by [EGA! 
Inew) Corollary 10.6.4]. 

To prove the claim let us first recall the structure of Gr as an ind-scheme. Choosing an embedding 
G C GL^ induces an injection of Gr into the affine Grassmannian for GL^ which we denote by 
Gr. The ind-scheme structure on Gr can be described as follows. The valuation ord2det(^) for 
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A € GLr(A:((z))) yields a locally constant function on Gr; see Proposition 13. 4i So Gr is the disjoint 
union of the Gr(/i) := {A € Gr : ord^det(A) = h}. Let be a positive integer and let X{h)^ be 
the reduced subscheme of Gr(/i) defined by 

X{h)^{k) := {AeGr{h){k) : Ae Mriz-^klzD/GLriklzj)} . 

Then the X{h)^ are projective Fg-schemes, := X{h)^ is a scheme locally of finite type over 
Fg, and Gr = limX^. The inclusion Gr ^ Gr realizes Gr as a closed ind-subscheme and the induced 

ind-scheme structure of Gr does not depend on the chosen embedding; see |BD1 Theorem 4.5.1] in 
characteristic zero, but note that the proof also works over Fg. 

We consider the G-module V and the induced embedding r] : G GL(y^) of Proposition 13.141 
Let N = N{n,i^L) G N be a power of q such that N > n and > {{—X)dom, f^) for all A G A. On 

Yn we have {z — C)^ = z^ — C,^ = z^ . By our definition of Gr~ ^' , the universal isomorphism 
7 := : LGy„ ^G\y„ on y„ is bounded by {fi, z), hence satisfies 

for all A G A and both choices of z. By Proposition 12. 31 we may choose bases of the Qx Zariski- locally 
on Yn. Then 7 is represented on V = ^xeA ^ matrix A in the right coset 

A G GLdimy 

On V"^ = (©agA^('^))^ inverse 6 = 7"^ is represented by its transpose 

G Mdi„,y(z-^y„H)/GLdin,y(ynW) . 

Therefore Yn is a closed subscheme of X^ xspecF, SpecFg|C]/(C"); hence locally of finite type over 
FgIC] /((■")• The reduced closed subscheme underlying Yn can be computed by looking at geometric 
points X G Gr. Over x the isomorphism '^x = <J~^ is given by an element g G K (^k(x)^ z^"*^^^ K (^k{x)^ 
after choosing a trivialization of Qx- By definition of Gr this means that the point x is given by 
G LG{k{x)) with G Gr^^^^^. By Lemma [3.111 the point x belongs to Yn if and only if 
fJ"y{x) :< fi, which is equivalent to x lying in Gr-'^. □ 

Let /X G X*(T) be dominant and let G = {G, be a local G-shtuka bounded by fx over a field 
k' G Milpf^^^Q. Assume that there is a trivialization a : G Kk' such that a : G {Kk', boa*) for 
some 60 € LG{k'). Note that if k' is algebraically closed, a trivialization always exists by Remark l3.2[ 
The inverse 6q of 60 defines a point x G Gr(A;') (which depends on the chosen trivialization). Since 
G is bounded by //, (&o ^)~^ = &o is bounded by fx and we have x G Gr-'^(A:') by Proposition 15.51 Let 

D be the complete local ring of Gr~^^' ''^ at the point x. It is a complete noetherian local ring over 

k'Kl 

Theorem 5.6. T> pro-represents the formal deformation functor of G 

F : (^Artinian local A;'|{^] -a/^eftras with residue field k') — > Sets , 

A I — > I Isomorphism classes of pairs {Q_, /?) where 

Q_is a local G-shtuka over Spec A hounded by fi and 

(3 : G Q_ ®A k' is an isomorphism of local G-shtukas | 
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where {G_, P) and {Q^,(3') are isomorphic if there exists an isomorphism ij : Q_ ^ with /?' = 
{rj k') o (3. 

Proof. We first construct the universal pro-object over D. Let Vn = D/m^ where mx) is the maximal 
ideal of T>. By |NPl Lemma 2.1] the projection morphism LG — )> Gr has a section in an open 
neighborhood of the image of 1 G LG{k'). Translating by 6(7^ G LG{k') we obtain a section in an open 

neighborhood of x G Gr(A;'). Since is nilpotent on Vn, the natural map SpecP„ — > Gr~*'^' ''^ — >■ 
Gr can be given by some element b^^ G LG{T>n) = G {'^nlzjij^]) with b~^ k' = 6q^. Note 
that b~^ is only determined up to multiplication on the right with elements g G K{T>n) satisfying 
g (8>D„ k' = 1. By construction 7„ = {b~^)~^ = bn is bounded by — ()■ We choose the bn in 
a compatible way and let b G ^(Plz]] [^^]) be the limit. The boundedness by // of all bn implies 

the existence and boundedness by ^ of 6 by the same argument as in Proposition 13.161 Although 
b~^ is still only determined up to right multiplication with elements g G K{V) as above, we take 
£univ ._ (^KvM*) and a : G ^ G^''" ®v k' so that (£""^^,a) G F{V) because b and ba* are 
bounded by In particular we obtain a morphism of functors ilomf^i^Q{T>, .) — t- F by sending 
u : T) ^ A to the deformation [Ka, u{b)cj* , a) G F{A). 

We will show that this morphism of functors is an isomorphism. Let {Q_, (3) G F{A). Let m G A 
be the maximal ideal. We use induction on An := A/m'^'^ to show the following 
Claim. For each n there is a uniquely determined A;'|C]-homomorphism Un ■ T> An with 

{KA„,Un(b)a*,a) = (£,/3)(g)A^n m F{An) . 

For n = we have Aq = k' and there is only one A:'|^]-homomorphism, namely uq : T> ^ 
T>/xnx> = k' = Aq. This proves the claim for n = since no(6) = 6o and (i^^', ^o'^*) Q^) is isomorphic 
to (£,/3) (g)A A:' via /3 o a"^ 

Now let n > 1 and assume that we have already constructed the uniquely determined u„_i. In 
particular there is an isomorphism rj : {^Ka^^i , (6)(T*) G_ <8)yi An-i with {rj (8>a„_i k') o a = p. 
By Proposition 12.21 the trivialization rj lifts to a trivialization rj' : -f^A„ ^ ®A An. We let 6„ := 
{rj'Y^ (pga*{7]') G and replace (£,/3) ® a A by {KA„,bnf7\a). Then 6„ «)a„ = 

Un-i{b). Consider the diagram 

Spec An ^ LG ^ Gr 

"~ ^ ^Specn„ 

Spec An-i 1 Spec V cTr"^^'""^^ 

SpecMn-i 

Here the right square commutes by the definition of b. The element yields a morphism Spec^„ — >■ 

Gr which factors through Gr~^'^' ^\ since Q_ and hence {b"^)"^ are bounded by fi. As 6n'^A„ k' = bo, 

the maximal ideal of An is sent to x G Gr . Since An is complete, the morphism even factors 

through Spec P. We obtain a homomorphism Un ■ T> ^ An with Un{b) ^a^ ^n-i = Un-i{b) and such 
that g := G K{An) by definition of Gr. In particular g (8)a„ An-i = 1, hence (y*{g) = 1. 

We now replace {KA^^bnCr* ,a) by {Ka„, g~^bn(T*{g) ■ a*, a), that is, we change rj' to rj'g. Then 
Un{b) = g"^bn = g"^bn(y*{g) as desired. 
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It remains to show that n„ is uniquely determined. Let Un,u'^ '■ T) An be two homomorphisms 
as in our claim. Applying ^A^An-i and exploiting the uniqueness for n — 1 we see that Un{b) (8>a„ 
An-i = u'n(b) i^A„ An-i. So there is a^g G i^(A„) with g~^Un{b)a* (g) = u'^ih) and g (g)A„ ^n-i = 1- 
In particular (J*{g) = 1 and hence u'^{h~^) = Un{b~^)g. This implies that the compositions of Un and 
u'n with Spec T) ^ Gr coincide. By the definition of V this implies desired. □ 

Remark 5.7. From now on we always consider the deformation ring D with a fixed isomorphism of 
functors Homfc/[^]](D, .) = F (and thus a fixed universal local G-shtuka over V) as in the proof. 

Remark 5.8. One could avoid the inversion and the definition of Gr'^ as Kz^~^^'^°'^ K / K by 

instead considering the affine Grassmannian {K\LG) XspecF, Spf and defining Gr"''^' ""^ as a 
closed subscheme of the latter. On the other hand, it is not clear to us whether the two conditions 
that is bounded by ^ and that 5 is bounded by (— //)dom are equivalent over a non-reduced scheme. 

Therefore we do not know whether one could also define Gr~^'^' '''' as the subscheme on which 6 is 
bounded by (— /i)dom- As mentioned in Remark 13.61 we could in the definition of boundedness also 
take the class of all G-modules of lowest weight (— A)dom or the class of all tilting modules. The 
latter are self-dual by |Jal E.6]. Then we would have that is bounded by /i if and only if 5 is 
bounded by (-^)dom- 

Proposition 5.9. Let T> he the deformation ring from Theorem 15.61 Then the reduced quotient 
T> = {T>/('V)y.cd is a complete normal noetherian integral domain of dimension {2p, fi) and Cohen- 
Macaulay. 

Proof. The ring P equals the completion of the local ring of x in Gr-^. Since Gr-'^ is irreducible, 
reduced, normal, and Cohen-Macaulay (by |PR11 Theorem 6.1] for SL„ or |Fal Theorem 8 and 
Remark before Corollary 11] in general) this local ring is a normal integral domain and Cohen- 
Macaulay. By Zariski's Main Theorem |ZS1 Theorem VIII. 32] and (EH Proposition 18.8] the same 
is then true for its completion D. By Proposition 15.31 Gr-'^ has dimension {2p,fi). Thus the same 
holds for V. □ 

Note that if one is only interested in the dimension (as we are in Proposition 17. 8p . one does not 
need the normality. Namely, Gr-'^ is equidimensional of dimension (2p, /i). Thus the same holds for 
every local ring. By |HIQl Theorem 18.17] the completion of a local equidimensional and universally 
catenary ring is equidimensional. 

Example 5.10. Contrary to p-divisible groups the deformation space of a local G-shtuka is in general 
not smooth. Consider for example the ring A = Fg[JC]]/(^^) and the local shtuka 



z 
Z-2C 



G 



(M,(^) = (^H 

According to Lemma [4.31 and since the determinant of ip equals (z — C)^, it is bounded by (2, 0) . We 
claim that it cannot be deformed to a local shtuka over A = Fq|^]]/(^^) bounded by any ^ (which 
is then of the form (^i,2 — /Ui)dom)- Indeed assume there is a deformation {M,if) = (A|Jz]®^, 5(7*) 
with 

Z \ .2 f Cu Ci2 



Z-2C 
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Then det6 = — 2C,z + C^z(cii + C22) and the boundedness by (//i,2 — /xi) requires that this 
determinant differs from (z — Q)"^ by a unit in j4|2;]^. However this is not the case. 

Nevertheless deformation from k' to k'\Q\ is always possible: 

Lemma 5.11. Let G be a local G-shtuka over a field k' G Milp^^^Q of the form G = {^Kk' , ba*^ for 
some b G LG{k'). Then there exists a local G-shtuka G over k'\C,\ with G®y<^Q^ k' = G. If G is 
bounded by some dominant coweight fi G X*(T) then we can find a G which is also bounded by /i. 

Proof. Write b = sq-z^ to for some dominant /j.' G X^{T) and soi^o G K{k'). Choose lifts s,t G 
K{k'lCj) of So and to and set G := {Kk'iQ,s{z - CT't ■ a*). Then G is a local G-shtuka over k'lQ- 
Moreover, G is bounded by /.i if and only if ^ /i by Lemma [3. Ill Then ((— A)dom, Z^'') < ((—A) dorm /") 
for all dominant weights A. This shows that G is bounded by fi. □ 

6 Rapoport-Zink spaces for local G-shtukas and afRne Deligne- 
Lusztig varieties 

We explain the relation between local G-shtukas and affine Deligne-Lusztig varieties. Let k' be a 
field containing Fq. Recall that LG{k') = Y[K{k')z^K{k') where the union is over all dominant 
coweights fi. We recall the definition of affine Deligne-Lusztig varieties from jGHKRl] . 

Definition 6.1. For an element b G LG{k') and a dominant /x G X^,{T) the affine Deligne-Lusztig 
variety X^{b) is the locally closed reduced ind-subscheme over k' of the affine Grassmannian Gr^/ := 
Gr k' defined by 

X^.ib)(k^) = {ge Gr,.(F) : g-'ba*ig) G K{l^)z^'K{V) ] , 

where k' is an algebraic closure of k' . The closed affine Deligne-Lusztig variety X^^i{b) is the closed 
reduced ind-subscheme of Gr^/ defined by 

Left multiplication by 5 G LG{k') induces an isomorphism between X^(^g~^ba*{g)^ and 
There is a criterion for X^[b) to be non-empty, see |KRj and |Gaj . In Corollarv 16.51 we give a proof 
for the well known fact that both X^{b) and X-^^[b) are schemes locally of finite type over k' . 

We fix a local G-shtuka G over k' of the form G = (i^fc', ba*) for some b G LG{k'). For a scheme 
S G Milpi^it^Q we denote by S the closed subscheme V(C) C 5. Recall the ind-scheme Gr from 
Section [5] and set Gxt' '•= Gr (gjp^ k' . 

Theorem 6.2. The ind-scheme Gi^' pro-represents the functor {Milpj^i^^Yj" — )■ Sets 

S I — > ^Isomorphism classes of pairs {Q_,5) where 
Q_is a local G-shtuka over S and 
6 : Q_g — )■ G_5 is a quasi-isogeny | 

Here {G_,^) and {Q^,S') are called isomorphic if oS' lifts to an isomorphism G_- 
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Proof. Let us first reformulate the theorem by hfting the statement to /c'HCl- By Lemma fS.lll we may 
choose a local G-shtuka G over k'KJ which lifts G. Note that G has a trivialization G = {K^q, ba*); 
see the proof of Lemma 15.111 By rigidity of quasi-isogenies (Proposition 13. 9p the functor in question 
is isomorphic to the functor [Milp)^,^QY — ^ '^efo 

S I — > I Isomorphism classes of pairs {Q_, 6) where ^ is a local 

G-shtuka over 5 and 6 : Gg is a quasi-isogeny | 

Here {Q_, 6) and {Q^ , 6') are called isomorphic if 6^^ o S' is an isomorphism — t- Q_. 

Let X G Grfc'(S') for a scheme S S J\filpj^,\^Q. The projection morphism LG — > Gr admits local 
sections for the etale topology by \BD\ Theorem 4.5.1]. Note that in |BDj this is proved to hold even 
Zariski locally over an algebraically closed field of characteristic zero. Using |NPl Lemma 2.1] the 
proof carries over for our base field ¥q after allowing a finite separable extension of Fg. Consequently 
there is an etale covering S' —?■ S such that x is represented by an element g' € LG{S'). Define 
{Q',ip',6') over S' as follows. Let Q' = Ks', let the quasi-isogeny 6' : {0',ip') Gg, be given by 
y 1-^- g'y, and the Frobenius by if' = {g')~^ba*{g')a* . We descend {Q',ip',5') to 5. For an S'-scheme 
Y let Y' = Y X s S' and Y" = Y'xy Y', and let pi : Y" — > Y' be the projection onto the i-th. factor. 
Since g' comes from an element x G GiCk'{S) there is an /i E K[S") with Pi{g') = P2{g') ■ ^- Consider 
the /p^c-sheaf ^ on S" whose sections over an S'-scheme Y are given by 

g{Y) := {y'eK{Y'): p\{y') = ■ pl{y') in K{Y")] 

on which K{Y) acts by right multiplication. Then ^ is a A'-torsor on S because over Y = S' there 
is a trivialization 

Ks'^Gs', f^hplif) € K{S") 

due to the cocycle condition on h. Moreover, ip' descends to an isomorphism ip : a*Cg{Y) 
CQ{Y), a*{y') ^ {g')~^ba*{g')a*{y') making {g,ip) a local G-shtuka over S. Also 6' descends to a 
quasi-isogeny of local G-shtukas 

5 : CGiY) ^ LG{Y) = { /' G LG{Y') : pl{f') = pUf) in LG{Y") } , y' ^ g'y' . 

Note that this is well defined. Namely, if g' is replaced by g' with u' = {g')~^g' G K{S') then left mul- 
tiplication with u' defines an isomorphism [Ks' , {g')~^ba*{g')a* , g'^ (^Ksi,{g')~^ba*{g')a*,g'Y 
Also h = P2{u') hp\{u')~^ and hence left multiplication with u' descends to an isomorphism Q_ Q_ 
over S. 

Conversely let Q_ = {fd^'P>) be a local G-shtuka and let (5 : £ — > G_g be a quasi-isogeny over S. By 
Proposition 12.21 there is an etale covering S' ^ S such that the pull back of Q to S' is trivial. After 
choosing a trivialization, the map 6 is given by an element g' G LG{S') whose image in Gi^'iS') is 
independent of the chosen trivialization. The quasi-isogeny 6 also determines = {g')~^ba*{g')a* . 
Since G_ was defined over S the element g' descends to a point x G Grk'{S). Clearly these two 
constructions are inverse to each other. □ 

Next we want to show that X-^^{b) is the underlying reduced subscheme of an equal characteristic 
Rapoport-Zink space for local G-shtukas. More precisely, consider again the local G-shtuka G = 
{Ky,b(T*) from above. Note that each isogeny class of local G-shtukas has a representative over a 
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finite field, so we may assume that k' is finite. Besides we may assume that ha* is decent, i.e. there 
are an integer s > and a cocharacter oj € Xt,{T), such that 

{ba*y := ba*{b)- ...■{a*y-^{h){a*y = z"'(^7*)^ (6.1) 

Let /.f G X^,(T) be a dominant coweight such that G is bounded by /i, and consider the functor 
M : {Nilpk'iQY Sets, 

S I — > I Isomorphism classes of pairs 5) where 

^ is a local G-shtuka over 5 bounded by fi and 
5 : G_g — )• Gg is a quasi-isogeny | . 

Again S denotes the closed subscheme V(C) C S. 

Theorem 6.3. Let X^^{b) be the closed ind- sub scheme of Gik' defined by the condition that the 
universal G-shtuka Q_ over Gik' from Theorem \6.2\ is bounded by fi. Then X^^{b) is a formal scheme 
overSpik'lQ which is locally formally of finite type. It pro-represents the functor A4 : {Milpi^/i^Q)° — )• 
Sets. Its underlying reduced subscheme equals X^^j(6). 

Here by the underlying reduced subscheme we mean the subscheme corresponding to the largest 
ideal of definition. Also recall that a formal scheme over fc'|Cl in the sense of [EGA! Inew^ 10] is 
called locally formally of finite type if it is locally noetherian and adic and its reduced subscheme is 
locally of finite type over k'. It is called formally of finite type if in addition it is quasi-compact. For 
the proof of the theorem we need the following proposition in which 2/3^ is the sum of all positive 
coroots of G. 

Proposition 6.4. Let b € LG{k') satisfy a decency condition with the integer s as in 1^6. 1]) . Assume 
k' C F^s . Then there is a natural number do such that for every algebraically closed field k and any 
point {G_,S) € Ai{k) there is a point {G^,6') G M{¥qs) such that o 6' is bounded by 2dQp^ . 

Proof. By trivializing Q_ the assertion is equivalent to the statement that for any g G LG{k) with 
g G X^^{b){k) there is a 5' G LG{¥q.) with g' G X^^{b){¥qs) and such that g~'^g' G Kz^' K for some 
n' < 2dQp^ . This last condition is especially satisfied if the distance of g and g' in the Bruhat-Tits 
building of G is less than do- Hence the proposition follows from |RZ21 Theorem 1.4 and Subsection 
2.1]. □ 

Proof of Theorem 1 6. 31 Note that by construction represents M. Also X-<^(6) is a closed 

ind-subscheme of Giki by Lemma 13.101 We show that the underlying topological space of X^^{h) is 
the ind-scheme X^^{b). As X^^{b) and the underlying reduced ind-subscheme of X^^{h) are both 
reduced ind-subschemes of Gr, it then follows that they are equal. Let a; G Gr be a point with values 
in an algebraically closed field k{x). Put {Q_.,5) := 5)specK(x)5 ^-^d let 6 be given by 5 G LG{k{x)) 
with respect to some trivialization of ^ = {Q,ip). Then ip = g~^ba*{g) ■ a* and g G X^i{h) for the 
Hodge polygon = of {G,'^) (Definition 13. 3p . We have that g G X^^{b) if and only if {Q,p) 

is bounded by /i. By Lemma 13.111 this is equivalent to ^' ^ ^, or to (7 G X^^{b) as desired. 
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It remains to show that X-<^(5) is a formal scheme locally formally of finite type. We follow the 
proof of |RZ1 Theorem 2.16]. By Lemma fS.lll we can choose a lift G of G to /c'lC] which is bounded by 
fi, and using rigidity (Proposition 13. Oh we replace A4 by the isomorphic functor (^Afilpf^n^QY — > Sets 

S I — > I Isomorphism classes of pairs {Q, 6) where 

^ is a local G-shtuka over 5 bounded by /i and 
6 : Q_—^ Gg is a quasi-isogeny | . 

For V € 7ri(G) let A4{v) be the open and closed ind-subscheme of = X-<^(6) where the image 
of 6 in 7ri(G) is v (using Proposition I3.4p . By |Vi21 Proof of Lemma 1] there is a self-quasi-isogeny 
jv of G whose image in 7ri(G) is the given v. Composition of the quasi-isogenies 5 with yields an 
isomorphism between the ind-subschemes A^(0) and M{v). Hence it is enough to prove the theorem 
for M := M{0) instead of X^^(6). 

We consider two kinds of ind-schemes related to M_. Let n G N. By Lemma [3. 101 the condition 
that the universal 5, , and a*6 over X~(^{b) are all bounded by (2np^, z) is represented by a closed 
ind-subscheme Al" of X^^i{b). Note that (j3.2p in Definition 13.51 implies that is contained in 
A4 . We show that M"' is a ^-adic noetherian formal scheme over A;'|{C|. The condition that the 
universal 5 on Gr from Proposition 15.11 as well as and a* (5) are all bounded by {2np^,z) is 
represented by a closed ind-subscheme X" of Gr due to Lemma 13.101 By an argument analogous to 
Proposition 15.51 X" is a ^-adic noetherian formal scheme over k'\Q\ whose underlying topological 
space is the projective scheme Gr-^"'' from Proposition 15.31 The Frobenius tpg of the universal G- 
shtuka Q_ = {Q, ipg) over from Theorem 16.21 satisfies Lpg = ° V'g ° '^*{^) ^"^^ hence ^pg{a*Q\) C 
2;-((--*')dom,4np^)j-^ _ ^^-((-A)dom,At)^^ due to the definition of and the boundedness of G by /x. 
Analogous to Lemma [3. 101 the condition that ipg as above is bounded by (/z, z — Q) is equivalent to 
the following condition. For each A, the images of the generators of a*Q\ in the locally free sheaf 
2,-((-A)dom,4np ) _ Q-{{~\)doTa,tj) g^l — C)~((~-^)dom,M>(j^ of fimtc rauk on X" have to vanish. Hence 

is a C-adic noetherian closed formal subscheme of X" over k'\C,\ whose reduced subscheme is 
projective. 

For n € N let Mn be the ind-scheme which is the formal completion of X-^^[h) along the 
closed subset (A^'^)rcd) where (A^")red denotes the topological space underlying Ad"^. In particular 
{M.^)reA = (-^n)red- Over a field in Milpy.iy^-^, Lemma [3 . 1 1 1 implies that 5s is bounded by 2np^ if and 
only if or a* 5 are bounded by Inp^ . Hence M.n represents the subfunctor of hA 

S I — > 6) € AA{S) : for all closed points s £ S the map 5s is bounded by 2np^}. 

Claim. Mn is representable by a formal scheme which is formally of finite type over Spf 

Fix n and for each m > n let 7W™ be the formal completion of TW" along {Mn)redj i-e. the ind- 
scheme on which all the above boundedness conditions are satisfied. It is an adic noetherian formal 
scheme over k'lQ- We fix an affine open subscheme U of (A^n)rcd- For m > n we have (A^n)red = 
(A^^)red; and thus we get an affine open formal subscheme Spf i?™ of M'^ whose underlying set 
is U. Since by construction Ai^ — > A^'""'"^ is a closed immersion, we have a projective system of 
surjective maps of adic rings Rm+i Rm- Let R be its limit. We write Rm = R/o.m for ideals 
am C R. Let J be the inverse image in R of the largest ideal of definition of We have to prove 
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that i? is a J-adic ring. Since Rm is J-adic for all m we may write R = limi?/(am + J'^)- The 
limit is taken independently over m and c. By \RZ\ 2.5] it is enough to show that for each c the 
descending sequence am + J"^ ^ cim+i + J'^ I) • • • stabilizes. Let be the universal local G-shtuka 
on Spfiim- Since R/J'^ = lim Rm/J'^ is an admissible ring, G_ = lim£^ defines a local G-shtuka 
on Spec R/J'^ for every c by Proposition 13.16"! By rigidity (Proposition 13. 9| ). we may also lift the 
quasi-isogeny 6 from R/J = Rn/J to R/J'^. We want to see that there is an integer mo > n, such 
that <5, and a* 5 are bounded by 2mo/0^ over R/J^. By the second assertion of Proposition 13. 9^ 
they are all bounded by some coweight uo whose image in 7ri(G) is trivial. Choosing mo such that 
(jj ■< 2mo/0^ we obtain a bound of the desired form. Hence by the universal property of there 
is a unique map Rma R/ J'^ inducing the given point {Q_,5). For any m > iuq the composite 
Rm Rmo R/ ^ Rm/J'^Rm IS the projection, since both maps induce {G_mi ^) over Rm/ J^Rm- 
Thus the first map yields an isomorphism Rm/ J^Rm Rmo/ Rmo- This implies that the sequence 
above stabilizes and proves our claim. 

Let do be as in Proposition 16.41 The assertion of the proposition obviously remains valid for M . 
For two closed points x = 6),x' = {Q/, 6') E A4 we define d{x, x') to be the smallest n G N such 
that o 5' is bounded by 2np^ . For a point y S Al(Fgs) we denote by the closed subset of 

points X of Mn with d{x,y) < do. By the triangular inequality for d we obtain that ^Aniy) = if 
(i((G, id),y) > n + do, that is if y ^ Ain+do- For each positive integer / let ul be the open formal 
subscheme of A4n whose underlying set is the complement of 

U Mn{y) = U Mn{y). 

y£M(¥gs ) , d{(G, id),y)>f yeM^+df, (F,. ) , d{{G, id),y)>f 

Note that this union is finite because the underlying reduced subscheme of A4n+do is the projective 
scheme (A^"+'^°)red- 

Claim 2. U n > f + do then ul = U^^^. 

We first show this for the underlying sets. Let x G ul^^{k) be a point with values in an 
algebraically closed field k. We have to show that d[{G, id),x) < n. By Proposition 16.41 there 
is a y € M_{¥qs) such that d{x,y) < do and x € A4n+i{y)- By the definition of Ul_^_i, we have 
id),y) < /, hence d[{G, id),3;) < f + do < n. The equality of formal schemes follows because 
M.n is the completion of M-n+i along the (closed) image of (A^n)red- Indeed, this implies that Un is 
the completion of U^_^-^^ along U^j^^. Hence the claim follows. 

Let Uf = Ul for some n > f + do. Then Uf+^ is an open immersion of formal schemes 

formally of finite type. Moreover, M_ has the limit topology of the limit over its intersections with 
the subschemes of Gr^,/ where the universal 5 is bounded by 2np^ . The underlying topological space 
of such an intersection is equal to that of M.n- Since the topological space \Uf\ underlying is 
open in each 7W„, it is also open in Jv[_. This shows that the formal scheme equals the formal 
completion of the open ind-scheme Al||[;/| of M_ supported on \U^\ along the whole set \U^, whence 
Allic//! = ■ Since is formally of finite type by construction, also M\\uf\ is. In order to 
prove the theorem it remains to show that M = [jjUL We prove that every point x € M_ with 
(i((G, id), x) < / — do is contained in the open set Uf. Indeed, if X is in the complement of , there 
is a y € M.{¥qs) with d{x,y) < do and d[{G, id),y) > /, a contradiction. The theorem follows. □ 
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Corollary 6.5. Let b G LG{k') be decent. The affine Deligne-Lusztig varieties X^^{b) and Xfj_(b) are 
schemes locally of finite type over k' . The irreducible components of X^^ib) (respectively of X^{b)) 
are projective (respectively quasi-projective) . 

Proof. Let V C X~i^{b) be an irreducible component and let 77 be its generic point. At r] the universal 
6, (5~^, and a* 6 are bounded by 2np^ for some n. Due to Lemma 13.101 thev are then bounded by 
2np^ on all of V. Hence V is contained in the projective scheme (7W")rcd as a closed subscheme, 
and therefore V is projective. Since X^ib) is open in each irreducible component of X^{b) 

is quasi-projective. □ 

Note that if one only wants to prove this corollary, one can use a significantly simplified version 
of the proof of Theorem 16.31 Namely one does not need the distinction between Al" and TWnj and 
the fact that A4„ is a formal scheme formally of finite type. 

Remark 6.6. If one chooses a different definition for boundedness as mentioned in Remark 13.61 
possibly obtains a different Rapoport-Zink space whose underlying topological space still 

coincides with X^^i{b). If one enlarges the class of G- modules which are used to define boundedness, 
one obtains the new Rapoport-Zink space as a closed subspace of the former one. 



7 The Newton stratification 

Let ^ be a local G-shtuka over an algebraically closed field k. By Remark 13.21 Q is isomorphic to 
the trivial A'-torsor on k and the Frobenius is given by some element b € LG{k). Changing the 
trivialization corresponds to cr-conjugation of b by elements of K{k). On the other hand, considering 
b up to cr-conjugation by LG{k) corresponds to considering the local G-isoshtuka CQ_ = {LGk,ba*). 
We briefiy review Kottwitz's classification of the latter kind of cj-conjugacy classes. To be precise, 
we use the analog for the equal characteristic case of his classification. 

Remark 7.1. Let G be a connected reductive group over an algebraically closed field k of charac- 
teristic p. Let B{G) be the set of fj-conjugacy classes of elements b € LG{k). We denote the class of 
b (which contains all g~^ba*{g) for g E LG{k)) by [b]. In |Kolj . |Ko2j . Kottwitz classifies the classes 
[b] G B{G) by two invariants. For split groups the first invariant, the Kottwitz point K{b) has the 
following explicit definition. Let G X*(T) be dominant with b G K{k)z^S.K[k). Then k(6) is the 
image of pg under the projection X*(T) — ?> 7ri(G). Indeed, the maps kq considered by Kottwitz are 
invariant under cr-conjugation of b, they are group homomorphisms, and are natural transformations 
in G. For G = Gm we have kg(^) = Vz{b). See |RR1 Section 1] for the reformulation as maps to 
the fundamental group. Let now G be split. The properties of kq mentioned above show that kq is 
trivial on K{k) as each such element is tj-conjugate to 1 (by a version of Lang's theorem), and that 
the torus element z^ is mapped to its image in 7ri(G). Together we obtain the explicit description 
of Kg given above. Hence kq ■ LG{k) vri(G) coincides with the map in Proposition 13.41 The 
second invariant is the Newton point or Newton polygon G X*(r)(Q. For G = GL.„ this is the usual 
Newton polygon of the cr-linear map 6cr* , for general G it is defined by requiring that it be functorial 
in G. The two invariants have the same image in 7ri(G)Q, which is the quotient of X*(T)q by the 
sub- vector space generated by the coroots. Note that not all elements of X^{T)q occur as Newton 
points. For a description of the set of Newton polygons in X*(T)q see also |Chll 4]. 
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If ^ is a local G-shtuka on S* G Milpf^^Q , we consider the function [bg] : S B{G) with s i— t- [b{s)] 
where [b{s)] is the element associated to the reduction of Q_ in the geometric point s. The Newton 
polygon of [b{s)] is called the Newton polygon of Q_ in s. 

We use the following analogy to isocrystals with G-structure defined by Rapoport and Richartz, 
|RRj . Let 5 be a connected F^-scheme. Let Xsoshs be the category of pairs (A^, F) consisting of an 
S'((2;))-module N which is etale-locally on S free of finite rank and of an isomorphism F : a*{N) — )• N . 
The elements ol Xsoshs are called local isoshtukas, and are a function field analog of isocrystals. Let 
G be as above and Q_ = {Q, (p) a local G-shtuka on S. Let V be an Fg((2;))-representation of G. Then 
let Gv be the sheaf associated with the presheaf 

Y ^ {g{Y)x{V(^^^(^^,))Os{{z)){Y)))/K{Y). 

Together with the cr-linear isomorphism induced by (if, idy) it is an element of Xsoshs, since Q is 
trivialized by an etale covering of S according to Proposition 12.21 This defines an exact faithful 
tensor functor Q_ : Repjp^^^^)) G Xsoshs- These functors, called isoshtukas with G -structure, are 
the function field analog of isocrystals with G-structure as defined by Rapoport and Richartz in 
|RR1 Definition 3.3]. Note that the rational invariant [b] of Q_ as defined above is the same as the 
a-conjugacy class of the Frobenius of the local isoshtuka with G-structure associated to Q_ in \KR\ 
3.4(i)]. 

Proposition 7.2. Let Q_ be a local G-shtuka over an algebraically closed field in A/'i/pp^ . Let v be 
its Newton polygon and let ^ be its Hodge polygon (as in Definition \3. 3\) . Then v ^ ^ as elements 
of X^,{T)q. 

Proof. This result is first shown by Katz in }jKa\ 1.4.1] (Mazur's Theorem) for a"-F-crystals. It is 
generalized in [RR^ Theorem 4.2 (ii)] to elements b G G(L) where G is an unramified reductive group 
over k and where L is the quotient field of the Witt ring of k. Proposition 17. 2^ which is the function 
field analog of those results, can be shown by the same argument. □ 

The behaviour of [b] under specialization is described by the following theorem. Its proof is 
completely analogous to the corresponding proof in |RRj . using again the above analogy between local 
G-shtukas and isocrystals with G-structure. Note that the additional statement in \RR\ Theorem 
3.6(i)] that the image of u in 7ri(G)Q is locally constant is in our context a consequence of Proposition 

Ea 

Theorem 7.3 ([RRl Theorem 3.6]). Let S € Afilpf^^^Q and let Q_ be a local G-shtuka on S. For each 
bo G B{G), the subset {s € 5" : 1/^(3) < z^f,g} is Zariski- closed on S and locally on S the zero set of a 
finitely generated ideal. 

Let S and Q_ be as in the theorem and let v G X^{T)q be a Newton polygon. Then by Theorem 
17.31 the reduced subscheme M^u of S with 

M-<u = {s e S : z^b(s) ^ I'} 

is a closed subscheme of S and similarly 

M,y = {s£S: = ^} 

defines a locally closed subscheme of S, called the Newton stratum associated to Q_ and u. 
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Theorem 7.4. Let S be an integral and locally noetherian ¥q- scheme and let Q_he a local G-shtuka 
on S. Let v he the Newton polygon in the generic point of S. Then the Newton stratification on S 
defined by Q_ satisfies the purity property, that is the inclusion of the stratum My in S is an affine 
morphism. 

Proof For G = GLr this can be shown in mostly the same way as Vasiu's corresponding result for 

F-crystals, [Vast Theorem 6.1]. The only place where one needs more than the obvious translation is 

that the results from his Section 5.1 (whose proof does not generalize directly) have to be replaced by 

our Corollary 1 10. 31 As the composition of affine morphisms is affine, this also implies the theorem for 

all G which are a product of finitely many factors GL^ . . For general G one considers a finite number 

of representations Aj of G distinguishing the different Newton polygons on S (for example one for 

each simple factor of the adjoint group Gad)- Then the Newton stratifications of S corresponding to 

G and C/x X . . . X Q. coincide. □ 
— — ^1 — -^i 

Corollary 7.5. Let S be an integral, locally noetherian Fg-scheme of dimension d and let Q_ be a 
local G-shtuka on S. Let S' be the complement of the generic Newton stratum. Then S' is empty or 
pure of dimension d — 1. 

Proof By replacing S by suitable open subschemes, we may assume that S is affine and that S' ^ 0. 
Similarly it is enough to show that dim(5') = d — 1. By Theorem 17.41 S \ 5' is affine. By [EGA! IV 
Corollaire 21.12.7] this implies that dim(S') - dim(S") < 1. □ 

See [Vast Remark 6.3(a)] for another proof of this corollary. 

Definition 7.6. Let 5 be a scheme and let ^ be a local G-shtuka on S. Let Y be an irreducible 
component of the Newton stratum Afu ^ S for some i^. We call a chain of Newton polygons = 
i^n ^ t^n-i -< ■ ■ ■ ~< 1^0 with Vi 7^ Vi-i for all i realizable in S atY if for each i there is an irreducible 
subscheme Si of the corresponding Newton stratum AO, such that 5, C Si-i \ Si-i for all i > and 
such that Sn = Y. We call n the length of the chain. 

Let a^, . . . , be the simple coroots of G. Then we choose € X*{T)q for i = 1, . . . , r with 
{uji,a'j) = 6ij. Note that these elements are in general not unique. However, we will only use them 
in expressions of the form (cjj,/^) for ^ in the sub- vector space of X^,(T)q generated by the coroots. 
These values do not depend on the particular choice of the Wj. 

Corollary 7.7. Let S be an irreducible Fg-scheme and let Q_ be a local G-shtuka on S. Let vq he the 
Newton polygon of Q_ at the generic point of S. Let u ^ uq with My ^ and let Y be an irreducible 
component of My. 

(a) The difference dimS" — dimY equals the maximal length n of a realizable chain of Newton 
polygons in S atY . 

(h) dim(y) > dim(S) - Y.i\{^i. ^0 - 1^)1 • 

Proof. Let Un < . . . < uq he a, maximal realizable chain at Y and let Si be corresponding irreducible 
subschemes of Ny- . As the chain is maximal, i^q is equal to the Newton polygon at the generic point 
of S, so we may assume that 5*0 is dense in S. We have to show that we can modify the Si such that 
they satisfy in addition that dimSj — dim5i+i = 1 for all i. As the Si are irreducible and not equal, 
the difference is at least one. As S'j+i is irreducible, it is contained in an irreducible component of 
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Si \ {Afui n Si), which by Corollary 17.51 has dimension dim(5j) — 1. As the chain is maximal, the 
generic Newton polygon of this component is fj+i. For i + 1 < n this implies that we may replace 
Si-^-i by that component (using increasing induction on i) and obtain dimSj+i = dim Si — 1. For 
i + 1 = n this implies that Sj+i is already equal to that component, and therefore has dimension 
dim Sn~i — 1- 

(b) is an immediate consequence of |ChH Theorem 7.4 (iv)] on the maximal length of chains of 
comparable Newton polygons between and (that are not necessarily realizable). □ 

Note that a consequence of the proof is that already the Si we started with have dimension 
dim S — i. 

Proposition 7.8. Let T> he the coordinate ring of the universal deformation hounded by fi of a local 
G-shtuka over k with Newton polygon v and let T> = [T> / C,T>)^cd- Let Q_ he the local G-shtuka over 
S = Spec V corresponding to the universal family over Spf T> as in Proposition \3.1(A Let My he the 
closed Newton stratum inside S and let Y he any irreducible component of My. Then 

dim(y) > {2p,^i)-Y,\{uji,i^-v)-]. 

i 

Proof. By Proposition 15.91 S = SpecP is equidimensional of dimension {2p,fi). We apply Corollary 
17.71 (b) to the reduced subscheme S' of an irreducible component of S. By the corollary it is enough 
to show that the Newton polygon in the generic point of S' is ^ /i. This follows from Proposition 
17. 2| because the same inequality holds for the Hodge polygon by Lemma 13.111 □ 

Remark 7.9. By |Ko3j . the estimate can be rewritten as 

{2p, p)-Y, \i^^^l^ - = (P, + i^) - ^def (5). (7.2) 

i 

Here b G LG{k) is any element with Newton polygon v and k(6) = [p]. Furthermore, def(6) = 
rk(G) — rku'_^((2))(J) where J := Qlsog(0 is the group of quasi-isogenies of ^ = (K^, ba*) and where 
rkjr J is the rank of a maximal Fg((z))-split subtorus of J. The group J is the set of Fq((z)) -valued 
points of a reductive algebraic group over ¥q([z)) which is an inner form of a Levi subgroup of G. 
This can be shown using the same argument as for the analogous statement for p-divisible groups, 
compare [Kolj . \RZ\ Corollary 1.14] or |Ko2j . Note that using 1.1 of |Ko3j . one sees that ()7.2p also 
holds without the additional assumption that the derived group of G is simply connected (which is 
a general assumption in Kottwitz's paper). 

8 Basic Newton strata 

An element b G LG{k) is called basic if its Newton point i' G X^:{T)q is central in G (compare [Kol^ 
§5.1]). Note that this property only depends on the fi-conjugacy class of b. 

Proposition 8.1. Let Q_ = {Q,^) be a local G-shtuka over a reduced noetherian complete local ring 
R over ¥q with algebraically closed residue field. Let its Newton polygon be constant on Spec R and 
basic. Then there exists a local G-Shtuka T_ over and a quasi-isogeny F_ XspecF, Speci?. 



30 



Proof. By Remark 13.21 the if-torsor G over R is isomorphic to the trivial torsor Kji, and choosing 
a trivialization (p can be written as ba* for some b G LG{R). Let m be the maximal ideal of R and 
let k = R/m. There is an /i > and a lift of hu € X*(T)q to X*(T) which maps to h[^g\ in ■ki{G). 
Indeed, after multiplying u by the common denominator hi we obtain an element of X^[T) whose 
class in tti{G) coincides with up to torsion. By multiplying with a second integer, we may 

assume that the two elements are equal. As k is algebraically closed, |KoH §4.3] shows that there 
is a y G LG{k) such that the reduction Ip^ of ^p^ modulo m maps y to cy for the central element 
c := z^^ G LG{k) (where hv denotes the lifted element of Xj,{T)). Since k C R we may replace 
g = (iT/j, 6(T*) by the quasi-isogenous local G-shtuka (-fC/j, y~^ba*{y) ■ cr*) and we may assume that 

Claim. There is a quasi-isogeny between Q_ and a local G-shtuka {Q' , ip') with Q' = Kn and 

Identifying G with the trivial torsor, the claim is equivalent to the existence of an element x € LG{R) 
with p>^{x) = ex. Replacing ip by c~^ip^ and a by we may assume that h = 1, and c = 1. As c 
is central and commutes with a*, the ir-conjugacy class of this renormalized (p is [1] in each point 
of Speci?. Let x G LG{R) = G{R{{z))) be a lift of 1 G LG{k). Then (p{x) = x (mod m). As (p is 
(T-linear, (p^{x) = ip^~^{x) (mod ((T*)""^(m)). Thus the sequence ip^{x) has a limit x G G(i?((z))). 
The congruences further show that ip{x) = x. To prove the claim it remains to show that x G LG{R). 
As in the proof of Proposition 13.16) we have to show that the denominators occurring in (p'^(x) are 
bounded independently of n. As i? is a reduced noetherian ring, it is enough to check this in each 
generic point r] of Speci? separately. Let k{ri) be an algebraic closure of k{rj) and let be the image 
of x in LG{k{rj)). Let 99^ be the induced map on LG{k{rj)). As k{rj) is algebraically closed and as 
(pr^ is in the class [1] G B{G), there is a y G LG{k{r])) with ipriiy) = y. Then 

ip^^ix,) = ^(yy-^x,) = v.;«(y) • {a^^y-'S:,) = y ■ [a^Yiy-^x,). 

This shows that the z-powers occurring in (^^(x^) are bounded independently of n. Especially, 
X G LG{R). This proves the claim. 

It remains to show that if ^ is a local G-shtuka with (p>^ = c{a^Y^ then Q_ is isogenous to a 
constant local G-shtuka as in the assertion. Over the residue field k this follows again from 
the classification of cr-conjugacy classes, see Remark 17.11 As Q is trivial we may thus assume that 
ip = ba* for some b whose reduction b modulo m is defined over Fg. Let b be the image of 6 G LG(Fg) 
in LG{R). It suffices to show that b = b. We use induction on n to show that 6 = 6 (mod ((7*)"(m)). 
For n = this follows from the definition of b. Assume that 6 = 6 (mod (cr*)"(m)). Then 

ba*{ba*Y~^ = c = b^ = ba*{V'~^) = ba*{ba*f~^ (mod {a*Y+^{m)). 

Thus 6 = 6 (mod (a*)"+i(m)). □ 

We are now able to give the proofs of Theorem 11.11 Theorem 11.21 and Corollary II. 4[ 

Proof of Theorem \l.l[ By Theorem 16.31 we obtain a local G-shtuka over {X^^{b))g together with 
a quasi-isogeny to (i^(x-<^(fe))^ i ba*^ . Then ^' is a deformation of its special fibre, which is isomorphic 
to {Ki^, g~^ba*{g)a*). By definition it is isogenous to a constant local G-shtuka, and especially its 
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Newton polygon is constant. Also, its Hodge polygon is ^ /i in every point of Since C = 

on {X^^{b))g and {X^^{b))g is reduced (being the completion of a reduced local ring) defines a 
morphism / : (X^^(6))^ Mu- 

To construct a morphism in the opposite direction, we use Proposition 18. 11 Let Q_ be the universal 
object over My. By the proposition there is a quasi-isogeny 5 from ^ to a constant local G-shtuka. 
Changing this quasi-isogeny by a quasi-isogeny between constant local G-shtukas, we may assume 
that the constant local G-shtuka is (i^fc, ha*) and that the quasi-isogeny at the special fibre is given 
by g. Since ^ = on AC and My is reduced this yields a morphism h : AC The 
composition f o h first constructs the additional quasi-isogeny 5, and then forgets it. Thus it is 
the identity. The composition h o f \s the identity by rigidity of quasi-isogenies of local G-shtukas 
(Proposition 13.91) . □ 

Proof of Theorem M.SX Note that as h is basic, {p^v) = 0. By |GHKRl] . and |Vilj we already know 
that X^{h) and X^^{b) have dimension {p,p) — |def(6). It remains to show that each irreducible 
component has at least this dimension. This is an immediate consequence of Theorem 11.11 together 
with the lower bound on the dimension of each irreducible component of AC in Proposition 17.81 and 
Remark WM □ 



Proof of Corollary \1.4\ From Theorem 11.21 and Theorem 11.11 we obtain that AC is equidimensional 
of dimension (p, p) — ^def (6) = (2/3, p) — \{uji,ii — u)'\ . Let vq be the Newton point at the generic 
point of Spec P. By Corollarv lT.Tf b) we obtain 

i i 

The two sides of this inequality are the maximal lengths of chains of comparable Newton polygons 
between v and respectively vq (see jChU Theorem 7.4 (iv)]). As ■< p, the right hand side is 
strictly smaller than the left hand side unless p = vq. □ 



9 The Iwahori case 

In this section we replace the maximal bounded open subgroup K by an Iwahori subgroup I of G and 
explain how some of the preceding results can be generalized to this situation. Again we can relate 
the dimension of the basic Newton stratum of some universal (^ = 0)-deformation to the dimension 
of an affine Deligne-Lusztig variety. However, in this case one does not have a closed expression for 
the dimension of the basic Newton stratum yet. 

As before let G be a split connected reductive group over ¥q. Let i? be a Borel subgroup and let 
T C S be a split maximal torus. Let vr : R^zJ — )■ i? be the projection. Let / be the Iwahori subgroup 
scheme of K over ¥q defined as 

I{R) := {gC^G{Rlzj):7r{g)eB{R)} 

on any F^-algebra R. Let W = W iK X^{T) denote the extended affine Weyl group of G. Then 
LG{k) = IJa;gvK I{k)xl{k) by the Bruhat-Tits decomposition. 

We now define the analog of local G-shtukas, with K replaced by /. We restrict our attention to 
base schemes S with C = 0- 
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Definition 9.1. (a) A local G-shtuka with I-structure over an Fg-scheme 5" is a pair I = {I,(p) 
consisting of an /-torsor X on S (for tlie etale topology) together with an isomorphism (p : 
a*I I. Here I denotes the LG-torsor associated to X. 

(b) We fix an element x € W. A local G-shtuka with /-structure I over 5 is of affine Weyl type 
X if etale-locally on S, the shtuka is isomorphic to a trivial /-torsor 1$ with ip = ba* for some 
b G I{S)xI{S). 

Remark 9.2. (a) Lemma 19.31 shows that this rather ad hoc definition is analogous to the notion 
of a local G-shtuka with fixed Hodge polygon /x. 

(b) Let /? be a complete local noetherian ring with algebraically closed residue field. In the same 
way as Proposition 13.161 one can show that there is an equivalence of categories between local 
G-shtukas with /-structure of affine Weyl type x over Spec R and over Spf R. 

Lemma 9.3. Let (Q, ip) be a local G-shtuka which has constant Hodge polygon fj, and is bounded by 
IJL over an '¥q\Q\/{C,)- scheme S. Then etale-locally on S the K-torsor Q is trivial and Lp is given by 
an element of K{S)z^K{S). 

Proof. By Proposition 12.21 there is an etale covering S" — t- 5" such that Qs' is trivial. Choosing a 
trivialization we can write p = ba* for some b € LG{S'). Then b~^ induces a morphism S' — )• 
Gr which factors through Gr-'^ by Proposition 15.51 since p is bounded by Since the Hodge 
polygon is equal to /i it factors through the open subscheme Gr'^ which is the homogeneous space 
Kz^~^^'^°'^K/K . This proves our assertion. □ 

Like Gr also the affine flag variety J- := LG/I is an ind-scheme of ind-finite type. Analogously 
to Proposition 15.31 we have for any x € W: 

Remark 9.4. (a) The set I{k)xl[k) / I[k) is the set of /c-valued points of a locally closed reduced 
subscheme J-x of J- which is of finite type over k. 

(b) Fx is irreducible and of dimension l{x), the length of x € W . 

Let G = (G, pq) be a local G-shtuka with /-structure of affine Weyl type x over an algebraically 
closed field k € Milp^^<^Q. Choosing a trivialization of G, we can write po, = b^a* for some 6o £ 
I(k)xl{k). Then 6g ^ defines a point in J-'^.-i(fc). Let Vi be the complete local ring of Tx-^ at this 
point. It is a complete noetherian local ring over k. Note that l{x~^) = i{x), so has dimension 
£{x). 

Theorem 9.5. Vj pro-represents the formal (C = 0)- deformation functor of G 

F : (^Artinian local klQ/{()- algebras with residue field k) — > Sets 

A I — > I Isomorphism classes of pairs {G_, j3) where 

Q_ is a local G-shtuka with I-structure of affine Weyl type x over Spec A , 
/3 : G G_ f^^A k is an isomorphism of local G-shtukas with I-structure | 

where {Q_, (3) and {Q^ , (3') are isomorphic if there exists an isomorphism ^ : Q_ ^ with (3' = 
(7 ®A k)op. 
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Proof. The proof of this theorem is the same as for Theorem 15.61 always replacing K hj I. □ 

Let Q_ be the local G-shtuka with /-structure over Spec Vj which corresponds via Remark 19.21 
(b) to the chosen universal local G-shtuka with /-structure over SpfD/. It consists of the trivial 
/-torsor /p^ together with 99 = bjy^a* for some element € LG{'Dj). As in Section [7] we can 
consider the function assigning to each geometric point of SpecP/ the cr-conjugacy class of in 
that point. This induces a Newton stratification on SpecP/. We denote by TVj the locally closed 
reduced subscheme of Spec/?/ where the Newton polygon of is equal to v. 

We fix an element b G LG{k) and some x € W. The affine Deligne-Lusztig variety X^{b) 
associated to G, I, b, and x is defined as the locally closed reduced subscheme of the affine flag 
variety J-" whose fe- valued points for an algebraically closed field k are given by 

Xiib){k) = {ge LG{k)/I{k) : g~^b<j*{g) e I{k)xl{k) }. 

Theorem 9.6. Let g S LG{k) he a representative of an element of Xl{b) and assume that the 
Newton polygon v of b is basic. Let TVj be the closed Newton stratum in the universal [Q = 0)- 
deformation of the local G-shtuka with L-structure [L^, g~^ba* {g)a*^ . Then Ml is isomorphic to the 
completion of X^^b) at g. 

Proof. The proof of this theorem is the same as for Theorem ll.il always replacing K by /. The main 
ingredient is in both cases Proposition 18. 11 which considers elements of LG{Vj) up to cr-conjugation. 
This result does not depend on the subgroups K or L. □ 

Corollary 9.7. Let b be basic. Let S be an irreducible component of X^ib) and let g ^ S be a k-valued 
point not contained in any other irreducible component of Xl{b). Then dimS" = £{x) — d{g,x) where 
d{g, x) is the maximal length of a realizable chain of Newton polygons in the universal deformation 
of {Ik, g~^ba*{g)a*) at its closed Newton stratum (which is irreducible). 

Proof. This is an immediate consequence of Theorem 19.61 and Cor oUarv 1 7. ?( a) . □ 

Remark 9.8. For deformations of local G-shtukas (without Iwahori-structure) we saw that such 
maximal lengths of realizable chains in the universal deformation of g bounded by some n are equal 
to the maximal length of chains of Newton polygons between /i and the basic Newton polygon. These 
lengths are given by Chai's formula, compare Corollarv I7.7f b). For deformations of local G-shtukas 
with /-structure, the situation is more difficult. Let b € I{k)xl{k) and let /i be the dominant element 
in the Weyl group orbit of the translation part of x € W . Let v be the Newton polygon of b. Then in 
general not every Newton polygon u' with y ^y' ^ ^jl arises as the Newton polygon of some point in 
the universal deformation of h of affine Weyl type x. Let N{b, x) be the set of Newton polygons that 
occur in the universal deformation of b. Then the maximal chain lengths in N{b, x) are in general 
shorter than those in the set of all Newton polygons between v and ji. Up to now there is no closed 
expression for N(b,x). A second question is whether there always is a chain in N{b,x) of maximal 
length that is realizable in the universal deformation. However this last assertion holds in all known 
examples (for example for G = SL3 and all b, x by |Bej ). 

We spend the rest of this section using Theorem 19.61 to prove the basic case of a conjecture of 
Beazley [Bel Conjecture 1] comparing dimensions of affine Deligne-Lusztig varieties inside the affine 
flag variety with codimensions of Newton strata in I{k)xl[k). Let b G LG{k) be basic and x £ W 
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with X^{b) 7^ 0. We consider the subset Ixl := I{k)xl{k) C LG{k). Let v be the Newton polygon 
of h and let {Ixl)i, be the subset of Ixl of elements having Newton polygon v. Theorem 110.11 for 
B = Ixl implies that there is a bounded open subgroup Jq of I{k) such that the Newton polygon of 
an element of Ixl only depends on its image in IxI/Iq. This last set is naturally the set of A;- valued 
points of a scheme. The specialization property of Newton polygons then shows that {IxI)u/Iq is 
the set of A;-valued points of a closed subscheme of IxI/Iq. We define codim((/x/)i/ C Jx/) := 
dim/x///o — dim(/x/);^//o. By our choice of Iq it is independent of Iq, provided /q is small enough. 
A subset S of Ixl that is right invariant under a (sufficiently small) group Iq is called irreducible 
if S/Iq is irreducible. Again this is independent of the choice of Iq. The notions of irreducible 
component or smoothness for such subsets are defined similarly. 

Proposition 9.9. Let b G LG{k) be basic and x such that X^{b) ^ 0. Then 

dimXi(6) = £{x) - codim{{IxI)^ C Ixl). 

This proposition proves the basic case of |Bet Conjecture 1]. 

Proof. By Theorem 19.61 and Remark 19.41 it is enough to show that codim((/x/)i, C Ixl) is equal to 
dim Spec T>i — dim A/"/ where TVj is the Newton stratum in the universal (C = 0)-deformation Spec T>i 
associated to some g € ^^{b) such that Xl{b) is smooth and of maximal dimension in g. As in the 
proof of Proposition 17. 81 one sees that Spec T>j and the completion of Ixl /Iq in b are equidimensional. 
The assertion is then an immediate consequence of Proposition 19.101 and Corollary 17.71 (a) . □ 

Proposition 9.10. Let b € I{k)xl{k) with Newton polygon v, let Y be an irreducible component 
of {Ixl)u. Assume that Y is the only such component containing b, and that Y is normal in b. 
Then the closed Newton stratum A/"J in the universal (C = 0)- deformation of the local G-shtuka with 
I-structure {Ik,ba*) is irreducible. Let Iq be a subgroup of I such that the Newton polygon of an 
element of Ixl only depends on its iQ-coset. Then a chain of Newton polygons is realizable in the 
universal (C = 0)- deformation at its closed Newton stratum if and only if it is realizable in Ixl /Iq 
atY/lQ. 

Proof. If Spf i?i and Spfi?2 are the completions of IxI/Iq and {IxI)u/Io in 6, let Y = Speci?i and 
Yi, = SpeciZ2- We choose a representative / G I(Y)xI(Y) of the universal element of Ixl /Iq over Y 
with / (8)Ri k = b. We consider the local G-shtuka with /-structure X = [lY^fcr*) over Y. Since T 
is a deformation of its special fiber (1^, ba*) this induces a morphism vr : 1" — )■ Specl?/ mapping 
to Ml and also each other Newton stratum of Y to the corresponding Newton stratum in SpecP/. 
Let /' be such that {I:^^, fa*) is the universal object over SpecP/ and that /' (8)^^^ k = b. Then 
/' G I{/Di)xI{T>i). This provides a section of vr. Especially tt is surjective. Our assumptions on Y 
imply that the closed Newton stratum in Y is irreducible by Zariski's Main Theorem |ZSl Theorem 
VIII.32]. Therefore the closed Newton stratum Ml in SpecP/ is also irreducible. Thus the chains 
realizable in Y at Y^, are also realizable in SpecP/ at Ml- 

For the other direction let = z^n ^ . . . ^ i^o be a realizable chain of Newton polygons in SpecX>/ 
at Sn = Ml and let Si be corresponding irreducible subschemes of Specl?/. Let C y be the 
inverse image of Si under vr. Then Yn = Yjy. We want to show that ~< . . . ~< vq 'is also realizable in 
Y . To do that we use decreasing induction on i to show that there is an irreducible component Yl 
of Yi with Y/j^^ C Y/. As YIj^^ is (by induction) irreducible, it is enough to show that Y/j^^ C Yi, or 
that 5^+1 C Yi. Let y be a geometric point of l^+i with values in some field k. As SiJ^i C Si there 
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is a /cjtj-valued point of 5^ U S'j+i with special point -ir{y) and general point in Si. Let be the 

fi\\ 



reduction of /' at this point and let be the reduction in its special point. As 7r(/p = Tr{y) there 
is an z € I{k) with i~^f'^a*{i) = y. Then f'^^^^a*{i) is a A;[t]-valued point with special point y 

and general point in YJ. This finishes the proof that chains realizable in SpecVj are also realizable 
in Y. □ 



Appendix: Admissibility 

In this section we provide the results needed to generalize Vasiu's proof of purity for F-crystals to 
local G-shtukas. Theorem 110.11 also implies admissibility of the Newton stratification of /-double 
cosets needed in Section [9l 

For n > let = {(7 € K[k) : g = 1 (mod z"'),g S B (mod z""*"^)}. Here B is the chosen Borel 
subgroup. Recall that a subset of LG{k) is bounded if and only if it is contained in a finite union of 
ii'-double cosets Kz^K. 

Theorem 10.1. Let B he a hounded subset of LG{k). Then there is a c G N such that for each 
d € N, each g G B and each h € Id+c there is a k £ with gh = k~^ ga* (k) . 

Proof. Note that the set of cr-conjugacy classes of elements of B is finite. We write B as a disjoint 
union of its intersections with the different a-conjugacy classes and consider each subset separately. 
Thus from now on we assume that all elements of B are cr-conjugate under LG{k). Let be their 
Newton polygon. Then B lies in a finite union of double cosets Kz^ K with u ^ ^' and all occurring 
/i' have the same image in 7ri(G). Hence B C 'W^i^^K z^ K for some /i. 

We first show that there is a bounded subset C of LG{k) and an element h € LG{k) such that 
each element of B is cj-conjugate via an element of C to b. There is a standard parabolic subgroup 
P = MN of G with Levi component M and a 6 G M in the given c-conjugacy class with M-dominant 
Newton polygon 1^ such that b is superbasic in M. Indeed, M is simply the smallest standard Levi 
subgroup of the centralizer of in G such that the given cr-conjugacy class contains an element of M. 
Each (7 € S is of the form g = f^^ba*{f) for some / € LG{k). We have to show that we may take 
all / in some bounded subset of LG{k). Using the Iwasawa decomposition we write / = mnk with 
m € M{k{{z))), n € N{k{{z))) and k £ K. Thus all elements of B are fi-conjugate via K to elements 
of the form m~^ba*{m)(^(m~^ba*{m))~^n~^(m~^ba*{m))a*n^ G MN. These elements are still all 
in Yi^i^^Kz^ K and in the same <T-conjugacy class. We claim that the Levi parts / := m~^ba*{m) 
of these elements are then again in a finite union of M(/c |2;])-double cosets, namely those contained 
in U^/^^ Kz'^ K. To see this, consider for a A G X^{T) which is central in M and with (a. A) > 
for each root of T in the element gx G LG{k[x\) given hy g^ = I and gx = \{x)g\{x)~'^ for 
2; 7^ 0. An easy calculation shows that this defines an element of LG{k[x\). As A(x) G K, all gx 
for X ^ are in W^,^^Kz^ K. As this union is closed, it also contains 50 = ^- Reformulating 
the boundedness for the elements / in terms of m, we obtain m G (6), where ^' is one of these 
finitely many dominant coweig hts of M. By |Vi2| Proposition 1], m is of the form m = jmo for some 
j ^ Jj^^ = {x £ M{k{{z))) : x~^ba*{x) = b} and TTT-o in some fixed connected component of X^^^,(b). 
As the element g we started with only determines m up to left multiplication by Jm, we may assume 
that m = rriQ. As b is superbasic in M, each connected component of X:^, (6) is a projective scheme 
of finite type (see for example |Vilj ). Especially, all elements m (for one but then also for all 
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of the finitely many occurring /i') are in some bounded subset of LG{k). By cj-conjugating g with 
= uIq we obtain an element g' of the form h~^ba*{n) for h = mnm~^ G N{k([z))). Thus 
g' = bn' with n' = b~^h~^ba*{h) € N. So far we only conjugated g by elements in a bounded subset 
of LG{k), thus the n' still are contained in a subset of N(k{{z))) which can be bounded by a bound 
only depending on the original B. Let Nq be a given bounded open subgroup of N{k{{z))). By 
(T-conjugating by a sufficiently dominant element of T{¥q{{z))) which is central in M we may map all 
n' in this bounded subset to Nq. Note that again the element we conjugate by is uniformly bounded 
(by a bound depending on B and the chosen Nq). Using Lemma 110.21 for b and Nq = Ic^^r\N (for 
d = 0), we obtain that each element of B is a-conjugate by an element of a bounded set C to b. 

Let ci be such that fld+cif~^ & Id for all / € C and all d. Let further C2 be such that 
a* {f)~^ Id+C2'^* if) € Id for all / G C and all d. Let c = Ch + ci + C2- Let g £ B and h € /rf+c 
for some d> 0. Let f e C with f~^gcr*{f) = b. Then 

5/i = /6(a*(/-^)/ia*(/))a*(ri) 

As the expression in the bracket is in Id+ct+ci by our choice of C2, Lemma 110.21 shows that there is 
an k' € Id+a such that this equals 

= fk'-'ba*{k')a*{f-') 
= {fk'f-Y'ga*{fk'f-^). 

As fk'f~^ € Id by the choice of ci, this proves the theorem. □ 

Lemma 10.2. Let b € LG{k). Then there is a Cb € such that for each d € N and each g G Id+a, 
there is a k ^ Id with bg = k~^ba*{k). 

Proof. By cj-conjugating b we may assume that b is equal to the standard representative of its a- 
conjugacy class as defined in |GHKR2t 7.2]. More precisely, this implies that b has the following 
properties. Let M be the centralizer of the G-dominant Newton polygon of b, it is the Levi component 
of a standard parabolic subgroup P of G. Then the standard representative is an element b of the 
extended affine Weyl group Wm of M with blub"^ = Im where Im = I ^ M . Note that this M is 
not the same as in the proof of Theorem llO.il There we considered a Levi such that no fi-conjugate 
of b is contained in an even smaller one. Here, the Levi subgroup M is the largest standard Levi 
subgroup such that b is basic in M. As 6 is in Wmi there is an r > such that W = z^" . 

It is enough to prove the lemma for d > 0. Let be so large that ¥Id+Cib~^ Q Id for all 
i G [—r + 1, . . . ,r — 1]. (Using that Id is generated by the corresponding affine root subgroups, 
one sees that if this condition holds for one d then it holds for all.) For the groups In we have an 
Iwahori decomposition /„ = I n ,nl M ,nljq n where the factors are the intersections of In with N, M 
and N and where A'' and A^ are the unipotent radicals of P and its opposite parabolic. Let g G Id+c^, 
and let g = gN9M9j^ be its decomposition. We begin by showing that there is an fjj £ Ij^ ^ with 
f^^bga* (fjf-) G blM,d+ctlN,d+ci,- Recall that b^ = z'"^ for a v with (q, i/) < for every root of T in A^. 
Thus g I— > b~^gb is an elementwise topologically nilpotent map on A^. The definition of ct together 
with b^ = z^'^ also implies that b~^gb^ G Id for alH > and g G Ij^ ^^^^^ Let /i = {a*)~^{gjf-). Then 

fi^b9NgM9w'^*{fi) = fr^bg^gM 

= b{b'^fi^b)gNgM- 
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Note that [la, la'] C la+a' for all a, a' . As h ^ € Id, the above product lies in bgNgAiib ^f^ ^b)l2d+Ci 
Repeating this construction for g' £ 9N9Mib~^ fi^b)l2d+ct and its Iwahori decomposition g' = 
9'n9'm9^ yi^^lds an /2 = {a*)-^{gL.). We have G (^~Vr^^)%,2d+c6' ^^'^ choice of Cb, 

this is in Id- We iterate this process and let fj^ = /i o /2 ° • • • • As conjugation by b is elementwise 
topologically nilpotent on A^, the product converges. We obtain that bg is cj-conjugate via an element 
of Ijy ^ to an element of the form bg with g = gNdM £ lN,d+CilM,d+ci,- A similar argument (using 
/i = bg]\fb~^ and that g i-t- bgb~^ is elementwise topologically nilpotent on A^) shows that we may 
also achieve that g^ = 1- For g € I^^d+c^ we use that b~^I^[^ab = /a/.u for all a. In this situation 
the argument in jGHKR2| 6.3] also shows that bg is cj-conjugate via lM,d (or even lM,d+ct) to b. □ 

Corollary 10.3. Let {M,ba*) and {M' ,b'a*) be two effective local shtukas over k of rank r bounded 
by jJL and ^' . Then there is a c N only depending on ^ and fi' with the following property. Let 
g : M ^ M' be a linear map with {b'a*{g) — gb){x) € z'^'^'^M' for some d and every x € a*M. Then 
there exists a homomorphism of local shtukas f : {M,ba*) — > {M',b'a*) with (/ — g){x) E z'^M' for 
every x £ M. 

Recall that a local shtuka over k is effective if and only if its Hodge polygon has only non-negative 
slopes. 

Proof Let M = M M' and 6 : a*M M with b = {b, b'). Consider g : M M with g\M' = idju' 
and g{m) = m + g{m) for m E M. In matrix form we obtain 

~'"'^*^^^={-gb+\'a*ig) 

so the entries in the lower left block are congruent to zero modulo z'^'^'^. We use Theorem 110.11 for 
G = GL{M) and B = KbK. We obtain that there is a c (only depending on B, i. e. on the Hodge 
polygon of b or equivalently on those of b and b'), such that such a matrix is cr-conjugate via a. k £ Id 

( ki k2 \ 

to b. An easy calculation shows that if we write ^ ~ ( ^ ^ j ' then / = gki + k^ has all claimed 
properties. □ 

The last corollary was also proved by Fessler |Fej using a different method. 
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